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Abstract

This study proves the asymptotic properties of the maximum likelihood estimator (MLE) in
a wide range of endogenous regime-switching models. This class of models extends the constant
state transition probability in Markov-switching models to a time-varying probability that in-
cludes information from observations. A feature of importance in this proof is the mixing rate
of the state process conditional on the observations, which is time varying owing to the time-
varying transition probabilities. Consistency and asymptotic normality follow from the almost
deterministic geometric decaying bound of the mixing rate. Relying on low-level assumptions
that have been shown to hold in general, this study provides theoretical foundations for sta-
tistical inference in most endogenous regime-switching models in the literature. Monte Carlo

simulation studies are conducted to examine the behavior of the MLE in finite samples.
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1 Introduction

Regime-switching models have been applied extensively since Hamilton (1989) to study how time-
series patterns change across different underlying economic states, such as boom and recession, high-
volatility and low-volatility financial market environments, and active and passive monetary and
fiscal policies. This class of models features a bivariate process (S, Y;), where (S;) is an unobservable
Markov chain determining the regime in each period, and (Y;) is an observable process whose
conditional distribution is governed by the underlying state (Sy). The concept of Markov switching
has been introduced in a broad class of time-series econometric models, including but not limited to
Markov-switching vector autoregressions (Krolzig (1997)), the switching autoregressive conditional
heteroskedasticity model (Cai (1994); Hamilton and Susmel (1994)), and the Markov-switching
generalized autoregressive conditional heteroskedasticity model (Gray (1996); Klaassen (2002)).
In basic Markov-switching models, like Hamilton (1989), the unobservable state process is as-
sumed to follow a homogeneous Markov chain. The implication is that the transition probability
and expected duration of each regime are constant through all periods, regardless of the level of the
observable and how long the regime has lasted. The setup is restrictive in application and conflicts
with empirical findings, such as those of Watson (1992) and Filardo and Gordon (1998). Diebold,
Lee, and Weinbach (1994) extended the state transition probability to be time varying by allowing
it to depend on the predetermined variables (X;), which are often chosen as economic covariates for
predicting the regime change. This class of models, usually referred to as time-varying transition
probability regime-switching models, is widely used in many empirical studies (see, e.g., Filardo
(1994), Bekaert and Harvey (1995), Gray (1996), Filardo and Gordon (1998), Ang, Bekaert, and
Wei (2008)). Such models, however, still assume that the evolution of the underlying state is inde-
pendent of the other parts of the model. Chib and Dueker (2004), Kim, Piger, and Startz (2008),
and Chang, Choi, and Park (2017) proposed endogenous regime-switching models in which the de-
termination of states depends on the realizations of the observable process. The model of particular

interest to this study is Chang et al. (2017), ! which allows the transition of states to depend

!Chib and Dueker (2004) used a Bayesian estimation method and thus is beyond the scope of this study. We
do not consider Kim et al. (2008), since its determination of the current state depends on the current shock to the
observable process Y;. When the regime is determined, Y;: is a determined one-point realization. We cannot interpret

the model in the conventional way in which the observable process follows a particular pattern in some regime, as we



on past realizations of the observable (Y;). In their model, accumulation of sustained positive (or
negative) shocks to the observable might pressure the regime to change.

Compared to the large body of empirical work on regime-switching models, there are few studies
on the asymptotic properties of their maximum likelihood estimator (MLE). Douc, Moulines, and
Ryden (2004) and Kasahara and Shimotsu (2018) 2 showed the asymptotic properties of the MLE
only with basic Markov-switching models. Ailliot and Pene (2015) established consistency of the
MLE in models with time-inhomogeneous Markov regimes. Pouzo, Psaradakis, and Sola (2018)
showed the asymptotic properties of the MLE in autoregressive models with time-inhomogeneous
Markov regime switching and possible model misspecifications. Their model set-ups encompass
endogenous regime switching in the sense that they allow the transition kernel of the state to depend
on past realizations of the observable. Pouzo et al. (2018) showed that under certain assumptions,
the MLE converges to a pseudo-true parameter set even if the model is misspecified. However, the
authors restricted the observable time series to depend only on the current state, and the state
process to be only a first-order inhomogeneous Markov chain. Such restrictions make their theory
less applicable.

The aim of this study is to show the asymptotic properties of the MLE in a wide range of
endogenous regime-switching models, including Chang et al. (2017) as a special case. The model
is general enough to incorporate the time-varying transition probability regime-switching models
represented by Diebold et al. (1994). The model we consider is more general than that of Douc
et al. (2004) and Kasahara and Shimotsu (2018) in that it allows dependence of state transition
probability on past realizations and other economic fundamentals. Our model is more general than
that of Pouzo et al. (2018) in that it allows the transition of the observable and the state process to
depend on more than one lag of the processes. Moreover, instead of dealing with misspecification in
the transition probability as in Pouzo et al. (2018), this study assumes that the likelihood function

is concentrated. The advantage is that this study relies on assumptions of lower level than Pouzo

can in basic regime-switching models.
2Baum and Petrie (1966), Leroux (1992), Bickel and Ritov (1996), Bickel, Ritov, and Ryden (1998), Jensen and

Petersen (1999), Le Gland and Mevel (2000) and Douc and Matias (2001) contribute to the asymptotic theories with
the basic Markov models less general than Douc et al. (2004) and Kasahara and Shimotsu (2018). Their models,
usually referred to as hidden Markov models, do not allow autoregression and (Y;) are conditionally independent

given the current state.



et al. (2018) did. In Section 6, we show that our assumptions hold in some widely used endogenous
regime-switching models. Thus, this study provides theoretical foundations for statistical inference
of endogenous regime-switching models in most empirical research. Some interesting and important
statistical tests can now be conducted, such as whether the observables affect transition probability
and whether the effect is positive or negative.

The general difficulty in the proof of asymptotic theories with regime-switching models is that
the predictive densities of the observable given past realizations do not form a stationary sequence,
and thus, the ergodic theorem does not directly apply. To deal with the problem, this study, following
Douc et al. (2004) and Kasahara and Shimotsu (2018), approximates the log-likelihood function by
the partial sum of a stationary ergodic sequence. The cornerstone of the approximation is the almost
surely geometrically decaying bound of the mixing rate of the conditional chain S|Y, X. The time-
varying state transition probability makes it more complex to show the bound, because it enters
the mixing rate and causes the rate to approach unity as the transition probability approaches zero.
By contrast, the constant state transition probability is bounded away from zero in Douc et al.
(2004) and Kasahara and Shimotsu (2018). The main theoretical contribution of this study is that
we show the mixing rate is bounded away from zero eventually by assuming that there is a small
probability that the observable takes extreme values, which is vital for our findings of consistency
and asymptotic normality of the MLE.

The rest of this paper is organized as follows. Section 2 lists the main assumptions and examples
of endogenous regime-switching models. Section 3 shows the mixing rate of the conditional chain
and the approximation of the log-likelihood function with an ergodic stationary process. Sections 4
and 5 show the consistency and asymptotic normality of the MLE, respectively. Section 6 discusses

the assumptions in detail and Section 7 shows the simulation results. Section 8 concludes.



2 DModels, notations, and assumptions

2.1 Models

Endogenous regime-switching models can generally be defined by a transition equation of the ob-

served process and a state transition probability allowed to depend on past observable Y;_1,...,Y;_,:

transition equation of the observed process:
Yt:f@(Sta"'7St—7‘+la}/t—17"')}/:f—’r‘aXt;Ut)E] (1)
state transition probability:

q@(St’St—lr"7St—7“71/t—17'"7Y't—’r7Xt)4 (2)

where X; is a predetermined variable (vector), (Uy) is an independent and identically distributed
(i.i.d.) sequence of random variables, fy is a family of functions indexed by 6, and gy is a family
of probabilities indexed by 6. Pouzo et al. (2018) dealt with the model with » = 1. > The special
case in which the transition probability in (2) depends only on (S¢_1, ..., S:—,) reduces to the basic
Markov-switching model. The case in which (2) depends on (S¢_1, ..., Si—r, X¢) is the time-varying
transition probability regime-switching model represented by Diebold et al. (1994).

Some widely applied transition equations of the observed process are summarized as

Yt - m(}/tflv e 7}/;5—.1% St7 ey St—kaXt) + U(Sta e 7St—k:)Ut = My + O'tUt. (3)

3The model here is more general than it may appear by allowing for different numbers of lags of (S;) and (Y;) as
fo(Sty ..oy St—pt1, Yo, ..., Yeq, X¢; Uy). If, without loss of generality, p < g, then we can make an innocuous change

by including more lags as fo(St, ..., St—p+1, St—p,- .- St—q+1, Ye—1,..., Ye—q, X¢; Ut). Then, this is the model in (1).

“The transition probability here can accommodate different numbers of lags in (S;) and (Y;) as well as different

numbers of lags from those in (1) by making similar changes to the previous comment.

5The state transition probability in Pouzo et al. (2018) cannot be generalized easily to accommodate more lags by
defining the state variable S; as a vector (S‘t, S’tfl, ey S't,T) because their Assumption 1 requires go(S¢|St—1, Yi—1) > 0
for all S; and S;—1. This is violated when, for r = 2, go(S: = (51, $1)|St—1 = (82, s2), Yi—1) = 0. Similarly, the transition

equation of the observed process cannot be generalized to accommodate more lags owing to their Assumption 5.



An example of (3) is the autoregressive model with switching in mean and volatility:

VL)Y — ) = Vx Xt + 01Uy (4)

where y(2) =1 — y12 — - — y2®, e = p(Sy), or = 0(S¢), Sy =1,2,3,..., or J.

Another example is the autoregressive model with state-dependent autoregression coefficients:

Ve = u(St) + 1 (Se)Yie1 + -+ 4+ (St Yk + vx (S)' Xt + 0 (Sp) Ut (5)

For the state transition probability, we mainly consider the specifications proposed by Diebold
et al. (1994) and Chang et al. (2017) as examples. Although the transition probability in Diebold
et al. (1994) does not depend on past observations of Y; and thus, is strictly not an endogenous
regime-switching model, the reason we include it here is twofold. First, the model is widely used but
its asymptotic properties have not been fully discussed. Second, the model can be easily extended
to endogenous regime-switching models by including past realizations of the observable as the
predetermined variables.

State transition 1 (Diebold et al. (1994)) Transition probabilities are functions mapping X; to

[0,1]. In the case in which there are two states Sy =0 or 1,

poo(X¢) 1 —poo(Xt)
qo(St = s5¢|St—1 = 5¢-1, Xy) = . (6)

L—pu(Xe)  pu(Xy)

Functions used most often are logistic functions and probit functions. The case in which pgo(X¢)
and p11(X¢) are constant functions reduces to the basic Markov-switching model.

State transition 2. (Chang et al. (2017)) Chang et al. (2017) proposed a new approach to modeling
switching when there are two regimes by using an autoregressive latent factor to determine regimes,
depending on whether the factor takes a value above or below a threshold 7. The latent factor follows

an AR(1) process

Wi =aW,_1 +V;



for t =1,2,... with parameter o € [—1, 1] and i.i.d. standard normal innovations (V;). (U) and

(V) are jointly i.i.d. and distributed as

U, 0 1
t —,N , P
Vis1 0 p 1
The regime is decided by
1 if Wt Z T
St = .
0 if W, <t

The correlation p between innovations to the latent factor and lagged innovations to the observed
time series connects the state transition probability to the observed time series. A positive corre-
lation means that the information raising the level of the observed time series makes the economy
more likely to be in the high regime (S; = 1) in the future. A negative correlation works in the
opposite direction. A zero-correlation model reduces to the basic Markov-switching model.
Theorem 3.1 in Chang et al. (2017) clarifies the state transition probability. The theorem states
that with the transition equation of the observed process (3), when |a| < 1, [p| < 1, (S, Y7) together

follow a (k + 1)th-order Markov process, and the state transition probability is

qo(Se|St—1, -+, Si—k—1.Yi—1, ., Yip—1) = (1 = Sp)w, + Si(1 — wp) (7)

with w, = w,(Si—1,...,St—k—1,Ye—1,...,Yi_p_1) defined as

(1= Sem) [2X7 4811 [ =] (T\/’iUt o ﬁf/m?) pla)de

(1 — St_l)(I)(T\/ 1-— 042) + St_l[l — (I)(T\/ 1-— a2)]

(8)

w, =

Yi—my
Ot

where U; = ®(-) and ¢(-) are the distribution function and the density function of the

standard normal distribution,respectively. The state transition probability fits (2) with r = k + 1.



2.2 Notations and assumptions

Let £ denote “equals by defination.” In the following proof, for short notation, we define

Y 2 (Yo, Ya1,..., V) forn>m,
?t = Yz_r+1 = (}/;fa 1/%_1’ ceey th—’r-‘rl)/a

2 (Yn,...,Yy,) forn>m,

and similarly for Sy, X; and realizations s, y:, and x.
We assume that {S;}{°_, ., takes a value in a discrete set S with J elements. Let S £ S", and
use P(S) to denote the power set of S. For each t > 1 and given (Y!=!, 8!~ X;), S; is condition-

t—r>

ally independent of (Yt__ri_ll, S':f:ll, th_l, X991)- The transition probability is qo(s|St—1, Y1, X¢).

{Yi}2_, 4, takes a value in a set Y, which is separable and metrizable by a complete metric. Let
Y £ Y. For each t > 1 and given (Y;_},S!_, 1, Xy), ¥; is independent of (Y* " ;1,87 X{ 71,
X?91). The conditional law has a density go(y|Y¢—1,St, X¢) with respect to some fixed o—finite
measure v on the Borel o—field B(Y). {X;};2; takes a value in a set X. Conditionally on X,
{ Xk }i>t+1 1s independent of {Y} }i<: and {Sk}r<¢. Conditionally on Xy, { X}y }r<;—1 is independent
of {Yj}k>¢ and {Sk}i>t-

Under the setup, conditional on X$°, (St, Y;) follows a Markov chain of order r with transition

density

p9(5t7 }Q’St—la ey S—r+17 }/;5—17 cee 7Y—7‘+17Xt>

:ge(}/t‘?t—la §t> Xt)QG(St‘gt—h?t—b Xt) = p9(5t7 }/;f|§t—17 ?t—lv Xt)
It also follows that for 1 <t < n,

po(Y$[Y0,S0 =50, X7) = po(Y'|Y0,So = 50, X1),

pg(Y’i ’?07 XTll) = pg(Y’i ’?07 Xti)

This study works with the conditional likelihood function given initial observations Yo =

(Yo,...,Y_.11), (unobservable) initial state Sqg = (Sp,...,S_,+1), and predetermined variables



X!, owing to the difficulties obtaining the closed-form expression of the unconditional stationary

likelihood function. We can write the conditional log-likelihood function as

n
_ 5 o _ ~t—1 _
0n(0,50) = log pg(Y1, ..., Ya|Y0,80 = 80, X}) = Y "logpy(Vi[Y(, ,Sp =80, X)) (9)
t=1

with predictive density

7_1 J—
Pe(Yt|Yg , S0, X4)

<~ _ _ ~ = _ —t—1 = _ _
= 3" 9o(ViYi-1,50, Xo)go(selse-1, Vi1, X)Po(Se—1 = 5-1[Y . So =50, X)) (10)

St,St—1

When the number of observations is n + r, we condition on the first r observations, and arbitrarily
choose the initial state sg. The aim of this study is to show consistency and asymptotic normality
of the MLE én,go = arg maxy ¢,,(6,80) with any choice of Sy, even when it is not the true underlying
initial state.

The following are the basic assumptions.

(A1) The parameter 6 belongs to ©. © is compact. Let 8* denote the true parameter. 0* lies in the

interior of ©.
(A2) (S;, Yy, Xy) is a strictly stationary ergodic process.

Remark. We can extend (Y;, X;) with doubly infinite time {Y;, X;}7%. According to Theorem 7.1.3

in Durrett (2013), for measurable function f(-), f(Yz, Yit1, ..., X¢, Xe41,...) is ergodic.

(A3) (a) 0-(¥o,71) :=infymin ¢ 570(51[80,¥0,21) > 0, for all ¥ € Y and z; € X.
(b) b_(yl_rH,ml) := infy ming 5 90(y1|¥0,81,21) > 0, for all yl_TH e Yt and 21 € X.

(c) by :=supy SUDy, 5,2, 8Xs, 90(y11¥0, 81, 1) < 00, and Eg«|logb_ (yl_r+1, x1)| < oc.

(A4) (a) Constants a; > 0, C1,Cs € (0,+00), and 51 > 1 exist such that, for any £ > 0,

Py« (U_(?O,Xl) < Cle—oqf) < ng_ﬁl. (11)



(b) Constants ag > 0, C3,Cy € (0,4+00), and B2 > 1 exist such that, for any & > 0,

Py- (b, (YL, 1, X)) < Cge—a25) < Oy, (12)

Remark. Assumptions (A3b), (A3c), and (A4b) are the same as in Kasahara and Shimotsu (2018).
Assumption (A3a) parallels Assumption (A1) in Douc et al. (2004) and Assumption 1(d) in Kasa-
hara and Shimotsu (2018), but o_(-) here is time varying depending on the observations, whereas
the value is constant in Douc et al. (2004) and Kasahara and Shimotsu (2018). Assumption (A4a)
refers to the low probability of o_(¥,,z1) taking an extremely small value. This is the key as-
sumption that we use in Lemma 3 to establish the geometric bound. It serves the same function as
Assumption 4 in Pouzo et al. (2018) but is of a lower level. Their assumption parallels Lemma 2
in the following section. We will need the following additional assumptions on the continuity of gy

and gy and the identifiability of 6*:

(A5) For all (s',8) € SxS, (7,y) €Y xY,and v € X, § — ¢p(5'[5,¥, ) and § — gy(v'|y,s, z) are

continuous.

(A6) 0 and 6* are identical (up to a permutation of state indexes) if and only if Po(Y7 € [ Y?, 1, X" ) =

Py« (Y} € -[Y%,, X", ) foralln > 1.

Remark. Section 6 shows that this assumption is satisfied in many examples with the identifiability
of the mixture normal distributions. By contrast, the identifiability assumptions in Douc et al.

(2004) and Kasahara and Shimotsu (2018) are difficult to verify.

3 Approximation with stationary ergodic sequence

Consistency and asymptotic normality follows if we can show the following two results:

(R1) the normalized log-likelihood n~1¢,,(6,5) converges to a deterministic function ¢(#) uniformly

with respect to €, and 6* is a well-separated point of maximum of ¢(6); and

(R2) a central limit theorem for the Fisher score function and a locally uniform law of large numbers

for the observed Fisher information.

10



The updating distribution Pp(S;—1 = §t_1|?é_1, So, Xi™1) in (10) is not stationary ergodic and
thus, the predictive density is not stationary ergodic. Therefore, the ergodic theorem cannot be
applied directly to conclude a law of large numbers or central limit theorems. Here, we follow Douc
et al. (2004) and Kasahara and Shimotsu (2018) to first approximate the predictive density with a

stationary ergodic sequence

t—1

Do (YH?—ooa th_og)

= Z 90 (Yl Y156 Xe)a(sel5e-1, Yeo1, X )Po(Seo1 = 5e1[Y o, XEL). (13)
56,8561

(13) differs from (10) in that the updating distribution part now depends on the whole history of
(Y}, X;) from past infinity and does not depend on the initial state. The approximation builds on
the almost surely geometric decaying bound of the mixing rate of the conditional chain (S]Y, X).
The bound guarantees that the influence of observation and initial state far in the past quickly
vanishes and thus, the difference between the exact predictive and approximated predictive log
densities becomes asymptotically neglible.

The mixing rate in Corollary 1 follows from the Markov property of the conditional chain and
the minorization condition in Lemma 1. Lemma 2 establishes (almost) deterministic bounds for
the time-varying mixing rate. Lemma 3 shows the approximation of the log predictive density
lngg(YH?g_l,go = §,X!) with the stationary one logpg(}ﬁl?i_oi,Xt__oé). For short notation, we

define the following predictive log densities:

t—1 _
Apms(0) 2 1ogpg(Vi|Y . S =8, X0, 1)),

<t-1
At,m(g) £ logPQ(Y;ﬁ’Y—m’ Xt—m—&-l)'
LEMMA 1 (Minorization condition). Let m,n € Z with —m < n and § € ©. Conditionally on
Y",, and X, {Sk} m<k<n satisfies the Markov property. Assume (A3). Then, for all —m +r <

k <n, a function pu,(Y_,, X}, A) exists, such that:

(i) for any A € P(S), (yp_,.,x7) = ur(y}?_,,x, A) is a Borel function; and

(it) for anyyp_, and X}, pp(yp_,.. Xy, ) is a probability measure on P(S). Moreover, for A € P(S),

11



the following holds:

minipg(gk S A|§k—r = §k_r,?im, Xﬁm)
Sk_rES

Z W(Y]]z:%r+17 Xlkcfr+l) : /u‘k(Ygf’r'? Z’ A)

)= T b= (Y X Ty 0= (Y e—1,X)
L brfl
+

k—1 k
where w(Yk—2r+17 Xk—r—H

The proof is in the appendix. For any probability measures p; and ue, we define the total
variation distance |1 — poll7y = supy |p1(A4) — po(A)|. For any z € RT, let |z| denote the
largest integer that is smaller than x. The following corollary bounds the distance between the two

conditional Markov chains starting from initial distributions 1 and ps.

COROLLARY 1 (Uniform ergodicity). Assume (A3). Let m,n € Z, —m < n and 6 € ©. Then,

for —m < k < n, for all probability measures 1 and us defined on P(S) and for all ?ﬁm and

N

X
Z Pe(gk € |§fm =S5, ?ﬁmv Xr—Lm)Hl (g) - Z ]P)G(gk € |§7m =5, ??zmv Xﬁm)u2(§)
=) s€S TV
(k) ) | | L(ketm) )
< I Q-e(IEmaXSha)) = I G-eVenm)
i=1 =1

with Vi := (Yizér—l-l?X%—r—i—l)'

The proof follows from Lemma 7 in Kasahara and Shimotsu (2018). The corollary parallels
Corollary 1 in Douc et al. (2004) and Corollary 1 in Kasahara and Shimotsu (2018). The main
difference is that the mixing rate contains the term o_(-) in w(V}), and can approach 1 as o_(-)
approaches 0. The following lemma shows that we can bound the mixing rate almost determinis-
tically under Assumptions (A3) and (A4), and enables us to show the approximation in Lemma

3.

LEMMA 2 (Bound for mixing rate). Assume (A2)-(A4). Then, gy € (0, %) and p € (0,1) exist

12



such that for all m,n € Z*,

(H (1—-w(Vy,)) < < pli=2e0)n ev.) =1, (14)

Py- (w(Vk) > Oy prol k=7l ev.) =1, (15)
(16)
ror—1
where C5 = ng_?’l . and {tx}1<k<n s a sequence of integers such that ty # ty for 1 < kK’ <mn
+
and k # K.

It also holds that

n
Eg+ H (I —w(Ve)™| <297, (17)
Lk=1
-
Eo- | [T (1 = w(Vi, )™ A H (1= w(Vy )™ | <2(0™ A p™), (18)
_k1:1
i ni n3
Eg- | J] (1 = w(Vi, )™ A H 1 =w(V )™ A T (1= w(Vy,,))
_k1:1 k3=1
< 2(p™ AP A P™). (19)

LEMMA 3. Assume (A2)-(A4). Then, for m’ >m >0,

Py- (sup max |A¢ms, (0) — Atm/’gj(e)’ < i,ot(’”rm)/?""J ev.) =1, (20)
0€Os; 5,5 Cs
L |(t+m)/3r)
By (‘supmax| Ay s, (6) — Agw(0)] < L p ev.) =1, (21)
0€0 §;€8 Cs
sup sup max | Ay ms(9)] < max {flogb, |, [log (b_(¥Y?_,, X))} (22)

0e©® m>0 seS

From (20), {A¢ms(6)} is a uniformly Cauchy sequence with respect to 6 Pg-— almost surely

(a.s.).
We define At oo (0) £ limyy—y00 At m5(0). From (22), {A¢.m5(6)} is uniformly bounded in L1 (Py- ),

Sev. is an abbreviation for “eventually.”

13



and thus, Ay (6) is also in L' (Pg+). Let m = 0 and m’ — oo in (20), which yields

n

1
— E supmax |A¢05,(0) — Apoo(f)] = 0 Py« —a.s. (23)
n — 0O 50€S

From (21), limy, o0 Atms(6) = limy, oo A¢m(6).

Moreover, lim, o0 A¢m () = log po(Y[Y b, X! ), since

. . —t—1
lim App(0) = lim logpy(Yi[Y . X%, 1)

m—00 m
> - R . - _ ot
=log Z (90(Ye|Y1—1,5¢, X¢)qo(se[Se—1, Y1, Xy) X n}gﬂoo Py(Si—1 = 81| Y. X5 1))
St,5t—1

e _ _ = = _ —t—1
=log Z gG(YHYt—I;Stht)qe(St‘St—lvYt—laXt)PG(St—l :St—llonth,OO)

St,St—1

<t—1
=log po(Vi[Y o, XL ).

Then, there are two expressions for A;(#). In Section 4, we use limy,, o0 Ay ms(f) to derive
continuity, and use lim, o A¢ 1, (0) to show convergence. Since log pg(Yt|?t:olo,Xt_oo) is strictly

stationary ergodic, it holds that

n1Y " Apoo(0) = £(0) £ Eg=[Ago(0)] Por — a.s. (24)
t=1

4 Consistency

This section shows the consistency in Theorem 1 based on uniform convergence (Proposition 1)

and identification (Proposition 2).

PROPOSITION 1 (Uniform convergence). Assume (A1)-(A5). Then,
lim sup [n~1,(0,50) — £(0)| =0 Py — a.s.
n—00 0cO

Proof. By the compactness of 0, it suffices to show V0 € O,

limsuplimsup sup |n ', (6',80) — £(0)| =0, P —a.s.
6—0 n—oo  ¢:16'—0|<d
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We decompose the difference as

limsuplimsup sup |n"14,(6,50) — £(0)]
6—0 n—oo  §:1¢’—0|<d

= limsuplimsup sup |n 14, (0',80) — £(0")| +limsup sup |[£(0) — £(0)].

§—0  n—0o 0:]0'—0|<s 50 0:0'—0|<5

On the one hand, the first term

limsuplimsup sup |n~14,(6,80) — £(8")]
6—0 n—oo  §:|0'—0|<d§

< limsup — Zsup|At050(0’)—At7oo( )H—hmsupsup\;ZAtoo CAEXACA]

n—00 nt 10'€0 n—oo 0'cO

=0, Pg+—a.s.

follows from the approximation (23) and is a consequence of the ergodic theorem (24). On the

other hand, note that £(0) = Ep-[Ag oo (0)] and Ag () is continuous if Ag ,, 5(0) is continuous (see

appendix) by uniform convergence. Then, the second term is bounded by

limsup sup [€(0') —£(0)] <limsup sup Egp«|Agoo(0) — Apoo(8)]
50 0:]0'—0|<6s 50 0:10'—0|<6

< lim sup Eg+ [ sup  |Apo(f) — Ao,m(9)|]
50 0:10'—0|<5

5—0 0:]0'—0]<6

limsup sup [Agoo(f) — Ao,m(9)|] =0

where the equality follows by the dominated convergence theorem.

PROPOSITION 2 (Identification). Under (A2) and (A6), £(8) < £(6*) and £(0) = ¢(
only if 6 = 6*.

0*) if and

The proof is in the appendix. The following theorem summarizes the finding and establishes

consistency. The proof is similar to the scheme of Wald (1949), with slight modifications to include

conditioning on Sp.

THEOREM 1. Assume (A1)-(A6). Then, for any 8o € S, lim, 00 On5, = 0%, Pge — a.s.

Proof. As 6" is a well-separated maximum of £(¢), we have Ve > 0, supg.jg_g«>. £(6) < £(6"). For
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e, 0 > 0 exists such that |# — 6*| > ¢ implies ¢(6) < £(0*) — 9, and thus,
P+ (|0n50 — 07| > €) < Py (£(fr50) < £(07) — &) = Pou (£(07) — £(Br5,) > 0).
The proof is completed by Proposition 1 and

00) = L(Opsy) = 1" 00 (0%,50) — £(On5,) + £(0%) — 010, (6%, 50)
<" (On50,80) — L(Ons,) + £(07) — n” 0 (6%, 50)

<25up |n~4,(6,50) — £(0)].
0

5 Asymptotic normality

Let Vg be the gradient and Vg the Hessian operator with respect to the parameter 6. For any
matrix or vector A, ||A|l = > |A;j|. Here, we list additional regularity assumptions required for the
asymptotic normality proof. Assume a positive real § exists such that on G £ {§ € © : [§—6*| < 6},

the following conditions hold:

(A7) For all 8 € S,s € Sand ¥ € Y,y € Y, the functions § — qy(s'[s,¥,z) and 6 — go(y'|¥,5, )

are twice continuously differentiable.
(A8) (a) Eg-[supgeg maxy 5 [|Volog ga(s'[5, Yo, Xo)||*] < oo,
Eg+ [supgeq maxy g HV% log qo(8'[s, Yo, Xo)||?] < o0;
(b) Eg+[supgec maxs ||V log go(Yo| Y -1,5, Xo)||*] < oo,

Eg« [supge maxs ||Vg log go(Yo|Y 1,8, Xo) ||2] < 0.

(A9) (a) For almost all (¥,y, z), a finite function fy,/ , : S — R exists such that supge go(v'[y, 8, z) <
Jyy.2(8).

(b) For almost all (¥,8,z), functions fyl,ia: :Y - Rt and f2

Zsx Y = R exist in L'(v)

such that [[Voge(y'|¥,5,2)|| < fy5.(y) and [V3ge(y/'¥,5,2)l| < fF5,(y) for all 6 € G.
Assumptions (A7)-(A9) parallel Assumption 7 in Kasahara and Shimotsu (2018). We do not need
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any high-level assumptions on the finite moments of

SUP,,>( SUPge SUPs \ logpg(Y1|?O_m, X1 ) with i = 1,2, as Assumption 8 in Kasahara and Shi-
motsu (2018). Kasahara and Shimotsu (2018) needed the high-level assumptions to apply the dom-
inated convergence theorem to show the the convergence in moments of the gradiant and hessian of
the period log-likelihood functions. In this study, we can derive the convergence in moments with

(17) and (18) in Lemma 2 and without any further high-level assumptions.

5.1 A central limit theorem for the score function

We define the period score function as

. PR 71 JE— ==
At ms(0) 2 VoAyms(0) = Vologpp(Yi| Y LS =58.X",110),

At m(0) 2 VoArms(0) = Vologpo (Vi Y h, X 0i1).

This subsection shows the asymptotic normality of the score function. The proof follows a similar
method to that in the proof for consistency. First, we show that the score function can be approxi-
mated by a sequence of integrable martingale increments. A useful expression in the approximation
is the Fisher identity” , which states that the score function in a model with missing data can be

obtained by the expectation of the complete score conditional on the observed data.

t
A = >t _
Atms0) =g | > ¢6(Zk,Zp—1, Xi)[Y_ 1, S = s,xt_m]
k=—m+1
-1 . (25)
— [y Z gb@(ZkaZk—lan”Y—m?S*m =S5, th%] ’
k=—m+1
. t —_ 7t
Am®) =Fo | D do(Z, Zk—1,Xk)|Y_m,Xt_m]
k=—m+1
-1 . (26)
—Fo | Y. b6(Zk Zk—lan)|Y_m,XtWIL]
k=—m+1

where Zp 2 (Yi, Sk), Zr, = (Y, Si)’, and

o(0,Z5_,, X3) = Vologpg(Ye, Sk[Yr_1,Sk_1, Xx)

"For details, see Cappé, Moulines, and Rydén (2009, p.353).
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= Vo log (9 (Yel Y k-1, Sk, Xi)ao(Sk|Sk—1, Yr—1, Xp)).

As in the previous section, the stationary conditional score is that conditional on the whole

history of (Y, X;) starting from past infinity:

At oo(0%) 2 lim Ay, (0%)

m—0o0

= lim [Eg*[@*(zt,zt,l,xt)\?im,xt_

m]
+ Z (Eo-[00- (Zs Zi—1, X)X . XL, ) — B[00+ (Zis Zim1, Xi) Y0 X1 1])}
k=—m-+1

=Eg- [09+ (Zt, Zi—1, X0)| Y o0, XL )
— - <t - t—1
+ Z (EH* [¢9* (Zk7 Zkfla Xk) |Y—007 Xt—oo] - EG* [¢9* (Zk7 Zk*l? Xk)‘Y—oo7 th_oi)]) :

k=—oc0

(A.23) and (A.24) in the appendix show that A . (6*) is well defined in L?(Pg+). The next lemma

shows that A;o5(0*) converges to Ay (%) in L?(Py-).

LEMMA 4. Assume (A2)-(A4) and (A7)-(A8). Then, for alls €S,

n—oo

\fZ Aws Atoo(e*))H = 0.

Define the filtration F; = o ((Y g, Xpt1), —00 < k < t) for t € Z. Eg» [At o Fi1] = 0, since

-1
Z (EQ*[¢0*(Zkvzk—1,Xk)’ono7Xt oo

k=—00

Eg-

_ L
— Eg+ [0+ (Z, Zi—1, Xi)[ Y 0, XU, 1])\ too,xtog]_o,

]EH* [QS@* (Ztvztflet”Y Xt 1]

—0Q0)

= -1 = 1l e
= Ep |Eg- 60+ (20, Z1, X0) [V st_l,Xiog]’Y’ioo,Xiog]} = 0.

{A; 0 (6%)}5° . is an (F,Pp-)-adapted stationary ergodic and square integrable martingale incre-

18



ment sequence. The central limit theorem for the sums of such a sequence shows that
1 n
n-2 Z At oo (6%) — N(0,1(6%)), Py« — weakly
t=1
where 1(6%) £ Eg«[Ao 00 (0°)Ag.00(6%)T] is the asymptotic Fisher information matrix. By Lemma 4,

n"3 S At os(6*) has the same limiting distribution.

THEOREM 2. Assume (A2)-(A4) and (A7)-(A9). Then, for anys €S,
1
n~2Veln(0*,8) — N(0, I(6*)), Pg- — weakly.

5.2 Law of large numbers for the observed Fisher information.

This subsection presents the law of large numbers for the observed Fisher information. The proof
is similar to that of the uniform convergence of the log-likelihood function in Section 4 and is
based on the approximation of the observed Hessian with a stationary ergodic sequence. A useful
expression is the Louis missing information principle (Louis (1982)), which expresses the observed

Fisher information in terms of the Hessian of the complete log-likelihood function:

V3 log pe(Y7 Y0, So = 80, X7

=By > du(2, %01, %) \?g, So = %0, X4
t=1

+ Vary { b9(Zt, 21, Xt)’?g,go =50, Xﬂ
t=1

n t
y = ot o _ -
=> (Ee [Z%(Zk, Zi—1, Xi)|[ Y, S0 = SO,XH
-1 B o
_EG[Z¢0(ZkaZk—17Xk)’Y0 7SOZSO7X§_1D
k=1

n t o —

+3 (\fare[qua(Zk, Zy 1, X)| Y, So = 50, X1 |
t—1 B o

_Varﬂ[ZQbG(Zk’Zk—lanNYo ,SOZSO,X§1}>

k=1
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where
b0(Z1, Zy—1, Xt) 2 Vodo(Zi, Zy—1, Xy) = Valogpg(Y, Si|Yi-1,Si-1, Xy).
We define

t
: = -t & _
Tems(0) 2Eo| > 60(Zks Bt Xe) Y S = 5. XL,
k=—m+1

t—1
; > t-1 — ot
k=—m-+1
t B L
Dims(0) 2 Varg| D" 00(Zk Zp1 Xp) [V S =5, XL, |
k=—m-+1

1
= i1 = .
—Vare[ E 0(Zis Le—1, Xi)|[Y _ s S = S7Xt—nﬂ~
k=—m-+1

Similarly, we define

t
' - <t
Ft,m(‘g)éEO[ > QZ)G(ZkaZk—l,Xk)’Y_m,Xt_m}
k=—m+1
-1

- = e
*]Ea[ > ¢0(Zkvzk—17Xk)‘Y—m7Xt—nﬂ7
k=—m+1

t
= <t
i0) 2 Varg| > 60(Z, Zn1, XYL, XL
k=—m+1
t—1

= .
—Vara{ > ¢9(Zkvzk—lan)|Y—maXt—Trlt]'
k=—m+1

As in Section 4, we construct the stationary ergodic sequence by conditioning the observed
Hessian on the whole history of (Y, X;) from past infinity. Lemmas 11 to 15 in the appendix
establish the approximation using the deterministic bounds in Lemma 2. Lemmas 11 and 12 show
that {T't ,,.5(0) }m>0 converges uniformly with respect to § € G Pp«—a.s. and in L!(Py-) to a random
variable that we denote by I't o (6), and the limit does not depend on §. Lemmas 14 and 15 show
similar results for {® ,, 5(6)}m>0. Following a similar procedure to Douc et al. (2004), Propositions

3 and 4 show the uniform convergence. We relegate the details of the proof to the appendix.
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PROPOSITION 3. Assume (A2)-(A5) and (A7)-(A8). Then, for alls €S and 0 € G,

n

% Z T105(0") = Ege[To,00(6)]
t=1

lim lim  sup =0, Pg« — a.s.

0000 gr.gr_g| <

PROPOSITION 4. Assume (A2)-(A5) and (A7)-(A8). Then, for alls €S and 0 € G,

1 3" @05(0') — Ege [@0,0(6)]

n
t=1

lim lim  sup =0, P+ — a.s.

0=0n=00 g1 19/ _g|<§

Using the Louis missing information principle and Assumption (A9),
Eg+[T0,00 (0%) + 0,00 (0%)] = —Eg+ [Ag,00(0*) Ao,o0 (0%)T] = —1(6%).

Propositions 3 and 4 yield the following theorem.

THEOREM 3. Assume (A2)-(A5) and (A7)-(A9). Let {6} } be any, possibly stochastic, sequence

in © such that 07 — 0* Pg«—a.s. Then, for all 5o € S, —nflvgﬁn(@’;ﬁo) — I(60%), Pg — a.s.
Theorems 2 and 3 together yield the following theorem of asymptotic normality.

THEOREM 4. Assume (A1)-(A9). Then, for any 8 € S,

n2(Ons, — 0%) = N0, 1(6*)7Y), Py — weakly.

From Theorems 1, 3, and 4, the negative of the inverse of the Hessian matrix at the MLE value

is a consistent estimate of the asymptotic variance.

6 Discussion of assumptions

This section shows that the Assumptions (A4) and (A6) hold in models with a transition equation

of the observed process (3) and a transition probability of logistic form (6) or of the Chang et al.
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(2017) type (7). In addition, we derive explicit conditions for Assumption (A2) to hold in models
with a transition equation of the observed process (5) and transition probability (7).8 The models
here can cover a wide range of empirical research. The other assumptions are either standard in

the literature or easy to verify, and are not discussed here.

PROPOSITION 5. Assumptions (A4) and (A6) hold in a two-regime endogenous regime-switching
model with a transition probability (6) of logistic form: qg(sy = s|St—1 = S,St—2, -+, St—r, Xt) =
% and a transition equation of the observed process (3) satisfying
1. 0(0) #o(1) and 0 < 0(0),0(1) < oo;
2. Ut ~ N(O, 1),

3. my(8;) # mp(5;), fors; #5;; and

4. for all s €S, exp(B.X;) and exp(B.X;)~! have finite second moments.

PROPOSITION 6. Assumptions (A4) and (A6) hold in a two-regime endogenous regime-switching
model with a transition equation of the observed process (3) satisfying conditions 1-3 in Proposition

5 and a Chang et al. (2017)-type transition probability (7).
The following lemmas are helpful for showing the propositions.

LEMMA 5. A sufficient condition for Assumption (A4b) is that for some § > 0, Eg«[|logb_ (Y1, 1, X1)['T°] <

00.
The proof follows from Kasahara and Shimotsu (2018, p. 9).

LEMMA 6. A sufficient condition for Assumption (A4a) is that for some & > 0, Eg«[|log o_ (T, z1)|' ] <

Q.

Proof. Set C1 = 1.

Po-(0- (Yo, X1) < ¢™1%) = Pp-(|log o— (Yo, X1)|'T = (€)' )

8Pouzo et al. (2018) discussed the stationary ergodicity assumption in models with a transition probability (6),

and thus, we do not repeat it here.
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< Eg+ ‘logO',(?o,Xl)P—‘rc? /(a1§)1+5 _ 025_(1+5)

where Cy = Eg-[|logo_ (Yo, X1))|"+%]/al*?, and the second inequality follows from Markov’s in-

equality. |

LEMMA 7 (Teicher, 1967). Assume that the class of finite miztures of the family (fs) of densities
on y € Y with parameter ¢ € @ is identifiable. Then, the class of finite miztures of the n—fold

product densities f(;n) (y) = for(y1) -+~ f4.(yn) ony € Y™ with parameter ¢ € ®" is identifiable.

This lemma was proved by Teicher (1967). Write the conditional likelihood function as

p@(Yla v 7Yn|Y0_T+1, XET—{-I)

= Z (HQG(Y;S|Yt—lastaXt)an(st‘st—laYt—laXt)PG(Sl =51Y%, .4, "Hl)).

s’jT+2 t=1 t=2

The conditional likelihood function is a finite mixture of the n—fold product densities [ [, go(Y2|Y1—1,5¢, X¢)
with mixing distributions [}, go(s¢[S¢—1, Ye—1, X¢)Pa(S1 = 51[Y?, .1, X™, ;). Under condition 2
of Propositions 5, go(Y;|Yi—1,8, Xi) =a N(my(5;),0(s¢)?). Teicher (1960) stated that finite joint
mixtures of normal distributions over both mean and variance are identifiable. It follows that the

conditional likelihood function is identifiable.

Proof of Proposition 5. The transition equation of the observed process (3) satisfies the condition

in Lemma 5 with § = 1, since
- _ ) 1 12
Eg- (| 1og go(¥1| V0,51, X1)[?] = Eg- || = 5 log(2m) —logo(s)) = 5U| | <oc  (28)

Next, we show that the logistic-type Diebold et al. (1994) transition probability satisfies the con-

dition in Lemma 6 with 6 = 1. For s € S, we use |logz — logy| < % to have

Eg-[|log go(s1 = 5|50 = 8,51, -+, 541, X1)|*]

k. Ul exp(BiX1)

2
! -2
1+ exp(8, X)) ] < By [exp(8,X1) 7] < oo.
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For s,s’ € S and s’ # s,

Eo-[|log go(s1 = &'|so = 8,51, ., 541, X1)|?]
Eg- | |1 ! 2 < Eg-[exp(BLX1)?] < o0
= * og —mM8M8M— * [€X .
o 81+ exp(B8.X1)| | ~ o~ [SXPLe 1

Next, we show (A6). The “only if” part is obvious. Here, we show only the “if” part. 6 = (6], 605),
where 6 is the parameter vector in (3), and 6 = (B(s1),...,8(ss)) . EPp(Y} € -[Y?, |, X", 1) =
Py« (Y} € -[Y%, 1, X", ), by Lemma 7, the law of the process {my(s;),o(s;)?} is in accordance
with {mg«(s¢),0*(st)?}. Since mg=(8;) # me-(5;) for s; # §;, and o(s;) # o(s;) for s; # sj, the
sets {mp~(8;)} and {mg(S;)}, {o*(s;)} and {o(s;)} are identical. Under appropriate permutation,
me«(8;) = my(s;) and o*(s;) = o(s;). Thus, 6% = 0;. Again, since the law of {my(5;),o(s;)?} is in
accordance with {mg«(8;),0*(s:)?}, qo(s¢[Si—1, Xt) = qo+(s¢[S¢—1, X;). By the monotonicity of gy in

B(s), 05 = 6. |

Proof of Proposition 6. (Ada) can be shown as (28) and is omitted here for brevity. We can prove
(A4b) by showing that the condition in Lemma 6 holds with § = 1. The proof is in the appendix.
Then, we show the “if” part in (A6). When the number of lags is k in (4) and 6 = (0}, 6))", where
6, is the parameter vector in (3) and 6y = («a, 7, p)’. When Py(Y7} € -\YQTH,XZ_H) =Py (Y] €
1YY, 1, X", ), similarly to the previous analysis, we can show §7=0; (with permutation of states
if necessary). Since the laws of the processes {mg(s;), o (s¢)?} and {mg=(8;),0*(s¢)?} are in accor-
dance, Py(S; = 0) = ®(7v1 — a?) and Py(S; = 0) = Pp-(S; = 0) imply 7v/1 — a2 = 7*V/1 — a*2.
Likewise, qo(s¢|Si—1, Yi-1,X:) = qo-(se[Se—1, Y1, X¢), (7), and (8) imply T—th—lﬂm _
ey VIZo Tt follows that 65 = 6. m

In order to investigate Assumption (A2), we use the following vectorial form of the transition

equation of the observed process (5):

Yi 1 = A(S) Y|, + B(Si, Xy) (29)
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where B(St, X¢) = (u(St) +vx (St)' Xt + 0(S¢)Ut, 0, ...,0) and

Y1(St) 72(Se) ... V(S
0 0 0
A(St) =
0 0 0
0 0 1 0

In the following proof, we simply write B(S;) instead of B(St, X¢). Results on ergodicity for au-
toregressive processes with basic Markov switching have been shown in Yao (2001) and Francq
and Zakoan (2001). We extend their proofs to Chang et al. (2017)-type transition probability,
and summarize our findings in Proposition 7. Note that the Chang et al. (2017)-type transition
probability (7) is essentially a function of (S, S;—1,Us—1), which allows us to use another notation
qo(St|St—1,U—1). Since W;_1 is independent of U;_i, and so is S;_1, integration with respect to

U;—_1 yields the unconditional transition probabilities

pij = Elgo(St = j|Si—1 = i, Up—1)|Se—1 = ]

=1 -Jw+il-w)

where

f‘r\/l a2+ fT

imal® (7 - 2 ) ela)de
(1—i)®(rvVI—a2) +i[l — ®(rv1—a?)]

We denote by ® the Kronecker tensor product. Let the 2k? x 2k? matrix

v — | A© @A) (A(0) @ A(0)pro | (30)

(A1) @ A(1))por  (A(1) ® A(1))pna
We denote the spectral radius of a real matrix A = (a;;) by p(A). Then, we obtain the following

result.

PROPOSITION 7. Assumption (A2) holds in a two-regime endogenous regime-switching model
with a transition equation of the observed process (5) satisfying that Xy is strictly stationary and
ergodic and has finite second moment, and Chang et al. (2017)-type transition probability (7) sat-
isfying |a| <1, Wy ~ N(0, =) and p(M) < 1.
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Proof. In the proof, we omit subscript 6 for simplicity. Note that the stationarity and ergodicity
of {S;} are implied by those of {W;}. Under the assumptions that |a| < 1 and Wy ~ N(0, —),

L —

{W;} becomes a strictly stationary process. In addition, the dynamics of {W;} can be equivalently

defined as

Wi =aW;_1 + pUs_1 + /1 = p?V;

o o0
=3 U+ Y VI otV
=0 =0

According to Theorem 7.1.3 in Durrett (2013), the ergodicity of {W;} follows from the ergodicity
of {Uy} and {V;}. Consequently, {A(S;), B(St)} is a strictly stationary and ergodic sequence.
We show that
Hyp = A(Sp)A(Si-1) - - - A(St—p+1) B(St—p)

converges to zero in L? at an exponential rate, as p goes to infinity. We obtain

E[vec(thpHAp)]

(31)
ZE[(A(S) ® AWS) - (A(Si_p12) ® ASrpe))(B(Se_p) © B(S )
— [ [ (Al @A) (Alsipin) © Alsi—pi) (Bloiy)  Blsiy)
StyeerSt—p (32)
X PS¢y 81, U1, 54—2,Ut—2, - -y St—p Up—p, Ty—p)dU_1 . .. dus_pdxs_p
with
p(3t7 St—1,Ut—1,St—2,Ut—2, ..., St—p, Ut—p, xtfp)
=p(selsi—1,ur—1)p(u—1)p(st-1]st-2,ur—2) . . D(St—pr1[St—p, Ut—p)P(Ut—p)P(St—p, Tt—p)
=p(St, Ue—1|5t—1)D(St—1, Ut—2|St—2) . . . D(St—pt1, Ut—p|St—p)D(St—p, Tt—p) (33)

where the first equality follows because U, is independent of Wy, W;_1, and U;_1.
Plugging (33) back into (32) yields

Elvec(HypH )] = BI(A(S) ® A(S1)) ... (A(St—p1) ® A(Se—ps1)) (B(St—p) ©® B(Se—p))]
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— / : / D> (A(st) @ A(s1)) - - (A(s1-pr1) ® A(s1-p1)) (B(51-p) @ B(s1—p))

StyeeeySt—p

><p Sty Ut— 1|St 1)P(3t 1y Ut— Q\St 2) p(st—p—‘rhut—p‘st—p)p(st—znxt—p)dut—l--'dut—pd‘rt—p

— [ [ X @A) (Alst-pi) © Alspin) (Blsio) © Blsioy)

Sty--5St—p

X p(5t|5t71)p(5t71|5t72) .- 'p(5t7p+2|5tfp+1)p(5tfp+17 Ut—p|5t—p)p(8t—p7 xtfp)dutfpdxtfp-
We define the 2k2 x 1 matrix as

Nip=

T2, (A(1) ® A(1)) (B(5t—p) @ B(St—p))p(St—p+1 = 1, St—p, Wi—p, Tp—p)duy_pdzs_p
f f Zst p (A ® A( )) (B(Stfp) ® B(Stfp))p(st*erl =2, St—p, Ut—p, $t—p)dut7pd$t,p

Then, we obtain E[vec(H; ,Hj )] = TMP~'Ny_), where I = (Ij2, I;2) and I)2 are a 2k* x k? matrix

and a k? x k? identity matrix, respectively. It follows that
1Hepll 2 < U MPTENpp[[V2 < )2 P72 Ny |2,
Then, the process

Yi 41 = B(Si) + A(S1)B(Si—1) + A(S:) A(S;-1) B(Si—2) +

=Hio+Hi1+Hia+ ...

is well defined in L? if p(M) < 1, since ||[Y;_, |2 < > oo 1Hepllz2 and [|Ht |22 converges to
zero at an exponential rate as p goes to infinity. Since {A(S;), B(S;)} is strictly stationary ergodic,

again by Theorem 7.1.3 in Durrett (2013), Y;_, , is strictly stationary ergodic. [

7 Simulation

This section presents the results of Monte Carlo simulation of the sample properties of the MLE in
Diebold et al. (1994)-type and Chang et al. (2017)-type models. This section lists the frequency with

which the true parameter falls in the 95% confidence interval centered at the MLE. If the distribution
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of the sample estimator can be well approximated by the asymptotic normal distribution, then the
frequency should be close to 95%. Moreover, as the sample size increases, the coverage error should
decrease.

The first experiment is based on a two-regime volatility-switching model with a Chang et al.

(2017)-type transition probability:

Y, = o05,U;

St = ]l{Wt Z 7’}.

The parameter 6 = (0g, 01, @, 7, p)’. We use the parameter in the simulation model of Chang et al.

(2017), 6* = (0.04,0.12,0.4,0.4,0.5). The result is listed in Table 1.

Table 1: Coverage frequency of asymptotic 95% confidence interval of volatility model with Chang,
Choi, and Park (2017) transition probability (1000 replications)

Observations | og o1 0 Q@ T
n = 200 0.908 0.916 0.875 0.887 0.934
n = 400 0.940 0.944 0.910 0.908 0.945
n = 600 0.948 0.937 0.919 0.901 0.945
n = 800 0.940 0.955 0.938 0.897 0.963
n = 1000 0.957 0.941 0.926 0.901 0.948

The second experiment is based on a two-regime mean-switching model with a Diebold et al.

(1994)-type transition probability:

Y, = uns, + Uz, U; ~1.0.d. N(O, 1)

with transition matrix

0 1
0 eXp(ﬁqO‘i’Bqut) 1— eXp(IBqO+5q1Xt)
1+exp(Bqo+PBq1 Xt) 14-exp(Bqo+Bq0Xt)
1\1- exp(Bpo+Bp1 Xt) exp(Bpo+BpoXt)
1+-exp(Bpo+B8poXt) 14+exp(Bpo+LpoXt)

The parameter 6 = (uo, f1, B0, Bq1, Bpo, Bp1)’. We choose parameters from the simulation ex-

ample in Diebold et al. (1994). 8* = (—0.8,0.5,0.79, —2,1,2)’. The process of the predetermined
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Table 2: Coverage frequency of asymptotic 95% confidence interval of mean model with Diebold,
Lee, and Weinbach (1994) transition probability (1000 replications)

Observations | uo H1 Boo  Bgl Bpo Byl
n = 200 0.889 0.907 0.970 0.938 0.956 0.927
n = 400 0.925 0.949 0.979 0.934 0.976 0.956
n = 600 0.945 0.935 0.958 0.954 0.972 0.952
n = 800 0.941 0.939 0.970 0.963 0.968 0.945
n = 1000 0.940 0.935 0.953 0.956 0.955 0.958

variable is X1 = axX; + U, with ay = 0.4 and U; ~ i.1.d.N(0,1). The result is listed in Table 2.

8 Conclusion

This study proves consistency and asymptotic normality of the MLE in endogenous regime-switching
models represented by Chang et al. (2017). The model we consider is general enough to cover time-
varying transition probability regime-switching models represented by Diebold et al. (1994).

Our proof follows the method of Douc et al. (2004) and Kasahara and Shimotsu (2018). The
key feature is to approximate the sequence of non-ergodic period predictive densities with a sta-
tionary ergodic process using the mixing rate of the unobservable state process conditional on the
observations. The time-varying transition probabilities, however, heighten the difficulty of proving
the approximation, because the mixing rate can approach one as the transition probabilities takes
extremely small values. In this study, we provide almost deterministic geometric decaying bounds
for the time-varying mixing rate. The assumptions in the proof are low-level ones and have been
shown to hold in general. Thus, this study provides theoretical foundations for a wide range of
endogenous regime-switching models in the literature. Some interesting and important statistical
tests in empirical work can now be conducted, such as whether the observables affect transition
probability and whether the effect is positive or negative.

Throughout the paper, we assume that the number of regimes is precisely known. One fails to
identify all of the parameters if the number of regimes is set greater than the true value. There are
few studies about criteria for selecting the proper number of regimes in endogenous regime-switching

models. We leave this topic for future research.
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A Appendix

A.1 Detailed proof of lemmas and corollaries in Section 3

Proof of Lemma 1. For —m < k <mn, {Si} is a Markov chain conditionally, since

—k—1 ﬂ
—m —m7

po(Sk[S X",) = po(Sk[Sk—1, Y1, X}).

The proof follows from Lemma 1 in Kasahara and Shimotsu (2018).

To see the minorization condition, observe that

Po(Sk € AlSk—r, Y, X",) =Po(Sk € AlSi—y, Y, X1 i1)

 YseaPo(YR[Sk = 8k, Y1, X7)Po (S = 5x[S— WY XE L)
ngegpe(Yﬂgk =Sk, Yi—1, XP)Po(Sk, = 5/Sk— erk 7~HX];§ T+1)

- k
Since Py(Sk = Sk[Sk— T,Yk T,Xk 1

) <1 and
Py(Si, = Sk[Sk—r Yrrs X5, 11)
_ T1 1 90(Yel Yoo1,50, Xo) TT)—i— i d0(selSe—1, Y1, X0)
ngeg Tzt 1 90(Yel Y om1,50, Xo) TTioy i1 @0 (selSe-1, Y1, X0)

N —
Hz bri1 b= (Y X)) Tl Uf(YE—LXK)
b?“—l
+

k—1
= (Yk 2r+1>Xk r+1)7
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it readily follows that

P@(gk € A|§k‘—7”7?r—tm? Xﬁm) > W(Y]]z:;m_laXﬁ—r—f—l)uk(YIZ—r’ XZ? A)

with

,U,k(Yn n A) 2 EEkGAPQ(YZ‘gk = gka?kfla XZ) (A 1)
S > s es Po(Y7 Sk =8k, Y1, X7)
k€

In order for yu,(Y7_,, X}, A) to be a well-defined probability measure, we need show only that the

denominator is strictly positive. The summand term in the denominator of (A.1) is

n n
po(Y7(Sk =8k, Y31, X7) = > [[90(Vel¥eo1,56, X0) [ ao(selSe—1, Y1, X0)
oy =k (=i

n

n
> [[o-(Yi . X)) [ o- (Y1, X0) > 0.
l=k {=k+1

Proof of Lemma 2. First, we show (17). By Assumption (A4), Cs < 1 exists such that for any

§€>0,
Py- (1 —w(Vy) >1-— cﬁe*[m”az(“lﬂé) < rCoe P 4 (r —1)Cye P2 (A.2)

We choose & such that it satisfies

1 _ _
T (1= CpemloamrastrmbSoymne — o Cog P 4 (r = 1)Cay ™. (A.3)

The existence of such & is guaranteed by monotone increasing of 16%(1 — Cge~loartoa(r=1)l )™ in

& from Tér(l — Cs)™ to ﬁ and monotone decreasing of rCol 51 + (r — 1)C4¢%2 in ¢ from +o0

to 0. We define

p=1-— Cgelorr+az(r=1)ko (A.4)

33



and
I, 2 1{1 - w(Vy,) 2 p) (A.5)

Notice that p € (0,1). Using (1 — w(Vy,))™ < p~14)™ and mn > n,

n

I1 P_mltk] < p"Eg-

< Ea*

Eg- [Ha —w(V )"

k=1

n
H (1- Itk: ] :PmnEG*

n
11 p"””k] :
Next, we find an upper bound for Eg«[[[7_, p~™/*]. Using the generalized Holder’s inequality,
n n 1
v [H f’_mh’“] < T1 o [p7m )" (A6)
k=1 k=1

Given (A.2) and (A.3),

Eg-[p~"™" k] = p~""Pye {Iy, = 1} + Po-{Iyy, = 0} < p~ ™" Py {1 — w(Vy,) > p} +1 (A7)

_ _ 1
<O (r = D P+ L= p T M 1< 2

The proof is completed by plugging (A.7) back into (A.6).
(18) follows from (17) given Eg« “_[kl 1(I=w(Vi, N Aoy (1=w (Vi )™ < min{Ee«[[ /-, (1-
w(Vi N Eo- [[To—1 (1 — w(Vi, )™} (19) similarly follows.
Next, we show (14). The proof follows a similar procedure to Kasahara and Shimotsu (2018,

pp. 19-20). Let p and I;, be defined as in (A.4) and (A.5), respectively. We define
g0 = 1026y ™ + (r — 1)Cugy ™. (A.8)

Then, g9 € (0, 152), and

’ 16
Pg*(l — W(Vt) > p) < €0-

Using 1 —w(Vy,) < pl_ltk7

(1—w(Vy)) < p k=t e = play, (A.9)

s

B
Il
—
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with a, == p~ =11 Since V;, is stationary and ergodic, it follows from the strong law of large

numbers that n=t >}, I, — Ep«[I},] < £ Pg-—a.s. Hence,
Po-(an < p~ 2" ev.) = 1. (A.10)

The proof is completed by combining (A.9) and (A.10).
Next, we show (15). Let p and €g be defined as in (A.4) and (A.5) respectively. For each ¢t > 2r,
set & such that it satisfies p?ol(t=)/7] = e~leartaz(r=1l&  The existence of & is guaranteed, since

peolt=n)/r] ¢ (0,1), and e~loartaz(r=DI& ig monotone decreasing in & from 1 to 0. Then,

ZPQ* (Vi) < Cspol=/mly < (20 — 1) + ZP9*< (V}) < Cgelonrtaz(r= 1)}£>
t=2r

T—l —i—TZPg* Yt 1,Xt) < Che” alét)

t=2r
o0
+ (T - 1) Z ]P)g*(b_( t— raXt) < 036 a2€t> < 0.
t=2r
By the Borel-Cantelli lemma, Py« (w (V) < Cspolt=7)/m] j.0) = 0. [

Proof of Lemma 3. First, we show (20). Write

(Yt‘Y g—m = SuXt—m-H)

—m»

= Y 9018, X)ga(selSe-1, Y1, Xo)

$t,5t—1,8—m

—m?

X IP)H(St 1 — St 1|S m — =s_ maY Xt,n}LJrl)éEi(gfm)

and similarly for pg(Yt]Y LS. m =8, X" ). It follows that

—m/’»

—t—1 = _ _
[P0V S = 56X 1) = oY s S = 85, X )

Z [99(3@’?15—1751&7Xt)Q&(Stfgt—l,?t—l,Xt)

St,5t—1,S—m

th

X Pg(Si—1 = S1-1[S_m = 5, Y., “mt1)

9i.0. is an abbreviation for “infinitely often.”
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X (05,(5-m) ~ Po(S-m = S-m[S =5, ¥, X501 1))| ‘

L(t=1rm)/r] B B
S H (1 —W(V_m_t,_ri)) Z g@(n’Yt—hgt,Xt)q@(stlgt—hYt—l,Xt)-

i=1 st,5t-1

Moreover, we rewrite the period predictive density as

(YHY §—m = SzaXt—erl)

= > (90(Yel Ye-1,8t, Xe)ao(se[Se-1, Y1, Xt)
St,5t—1,St—r—1,5—m
= _ = _ ~t—1 —
X Pg(st_l = St—l‘St—r—l = St—r—l,Yt—r—hXi—i)

X ]P)O(gtfrfl = §t7r71|§fm = S_m, Y Xt WIL_H)(SE (gfm))

and similarly for pg(}/}\?t__nlb/, S_v =5, X" It follows that

m’+1)'

(Yt’Y g—m = Si, X—m+1) APG(YHY—mag—m’ = S]7Xt—m’+1)

—m>

. ral —/ = _ ~t—1 t—1
> min Pg(st_l = St_l‘st—r—l = St—r—1, Yt—r—17 Xt—r)

_, o
Si_1,St—r—1

x> g0V Yio1,80 Xe)go(selSi—1, Y i1, X:)

St,St—1

=w(Vi_1) Z 9o(Ye| Y 11,5, Xe)qo(st[St—1, Yi—1, Xt).

St,St—1
By [logz —logy| < |z —y|/(z Ay),

<t-1 = _
| logpe(YHY S,m — SZ; Xt—m-i—l) - logpg(Yt|Y_ !y S,m/ = Sj7Xt7m’+l)|

H“ I = (V)
w(Vio1) '

(A.11)
By (14) and (15) in Lemma (3),

Py (|At,m,si<9> ~ Dus, (0)] < L pi=Bele=10m)) ) L

05
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Since (1 —3eg)[(t =14+ m)/r| > [(t—=1+m)/r]/2> |[(t—14+m)/2r] > |[(t+m)/3r],

]P)e* <‘At,m,si (0) — At,m,gj (9)| S L L(H_m)/STJ 62}.) =1.

@P
(21) follows by replacing Pg(S_m = S_m[S_pm = 55, ¥, X, 0 1) With Py(S_ = 5 [Y 0, XL ).
(22) follows from
b- (Y, Xe) < po(Vi[¥ 2 Som = 85, XL, 1) < by
m

A.2 Detailed proof of propositions and theorems in Section 4

Proof of continuity in Proposition 1. Show that Ag,,s_,,(0) is continuous with respect to 6.

bo (Y9m+1 |?—m7 g—m =S_m, X(lerl)
p@(Y:}n+1|Y—ma S—m =S_m, X:71n+1) ’

-1 & _
po(Yo|Y 0, Som =85, X% q) =
pe(Yim—i-l |?—mv S =5-m, Xj—m-i-l)

J J
= > II weser, Yo, Xo) [T 90(Vel Y150, X0)
s/ +1€:fm+1 l=—m+1

for j = 0,—1. Continuity follows from Assumption (A5). |

Proof of Proposition 2.

0(0) = Eg- [ lim logpe(Yl\?(imS—m,Xl_mﬂ)]

= lim By [1ogp9(m?‘im,§_m,xlmﬂ)] (A.12)

?0 0

= lim_ Ep- [Ep:[0gpp(Vi[¥ s S XL ) V20, S XL ]|

m—o0

It follows that

00%) — £(0)
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pe*(Yl\Y Sem, XL 1)
pe(Yl‘Y S—m7 m+1)

= lim Eg* Eg* 10g

m—00

—masfma +1]] = 0.

The nonnegativity follows because Kullback—Leibler divergence is nonnegative, and thus, the limit
of its expectation is nonnegative. Next, we show that #* is the unique maximizer. The proof closely

follows Douc et al. (2004, pp. 2269-2270). Assume £(6) = £(6*). For any t > 1 and m > 0,

Eg-[log po(Yi Y s Sy XL 1)] ZEQ* 1og o (Yl Y 00, S X5 1))
k=1

By (A.12) and stationarity, lim, oo Eg- [logpg(Yt|Y S_p, X, )] =tl(6). For 1 <k <t—

—m>

r+1,

(YUY, S, X
0=1t(0")—£(0)) = lim Egy- logpe (Yi] m m+1)]
e Pe(Yt!Y_WS—m, Lnt1)
(Y? Y, Y_ S m,
=lim sup Ey~ |log bo (7; k+1| = k o m+1)
m—r00 p9<Yt k+1’Yt ks Y S—ma m+1)
(YkY, S, YRy Y, S ., X
+10gp9 ( t— k| —m m fm+1) +logp9 ( . T| t—k—r+1 m m-‘rl)
pG(Yt_k|Y S_m’X m+l) (Y ’Yt k— 7‘+17Y S—m?X—m—H)
(Y Y Y0 S,
> limsup Eg+ |log b (7; k+1| = k o mH)]
Mmoo p9<Yt k+1’Yt ky Y S—ma m+1)
—t+k o
T Po+ (Yl‘YOa —m— t+kvs—m t+k7Xlim+1_t+k)
=lim sup Ey~ |log T p .
m—r00 Po~ (Y |Y0a —m— t+kzas—m t+kaX,m+1,t+k)

This holds when we let ¢t — oo. It suffices to show that for all ¢ > 0 and all § € O,

lim sup
k—o0 m>k

Pa*(Yﬂ?o, —mvS—mv ) — Ey- |:10 pa*(Y1|Y—r+17X—r+1):| —0
po(Y[¥0, Y ), S . XL, (Y1[Y2,1, X

Eg~ [log

—r+1° —r+1)

(A.13)

From (A.13) and the previous inequality, if £(6*) = £(6), then Eg- [log (po- (Y{[Y2, 11, X", 1)/
po(Y{IY2, 1, X", 11))] = 0. The laws Pp-(Y{ € -[Y?, 1, X", ) and Py(Y] € -[Y?, X", 1))

agree. From Assumption (A6), 0 = 6*.

Next we show (A.13). Define Uy, ,,,(0) = logpg(Y4| Y0, Y s S_m7 Xt,.),and U(0) = logpe(Y4|Y?, 1, X 1).
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It is enough to show that for all § € ©,

lim Eg- |sup |Ugm(0) —U(8)|| = 0.
k—o0

m>k

Put
Akm = po(Y r+1\Y Seme X)), A=pe(Yh, 41X, 10),
Bk’m - pe( _r+1|Y_m’ S*m’ Xgm)? B = pQ(YO_T+1|X(lr+1).
Then
Yo, Y1, S A A
|p9(Yi’YO7Y7m’ S_m’Xt*m) - pg(Yi’YO,T+1, Xt r+1)| - ’Bk o ’
m
B|Ay ., — Al + A|By.,, — B
< ‘ k,m ’+ ‘ k,m ’ (A]_4)

- BBkﬂn

For all t > 0 and k£ > r, write

pG(Yt r+1‘Y S, X Cn)
I//Pe(Yt—rH’Zr =7, X, )Po(dZr|Z_jyy =Z 41, X} o)
X P(dZ—1+1[Y S, X5
po(YL, 11X, 1)
= [ [ oYt 2 =7 X P X )

X ]P)O(Cr k+1|Y Sfmv k+1)7

where Z; is defined as in (26). The second expression holds because conditionally on Xy, { Xy }x>¢11
is independent of {Z, } ,<¢, and conditionally on X, { X} }r<¢—1 is independent of { Zj } ;>¢. An upper

bound of their difference is

r+1‘Y S—ma ) p9<Yt—r+1‘Xt—r+l)’

po(Y
//p9 _r+1|Z7T =Z_, —7‘-1—1)
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X |Po(dZ—1|Z_j11 = Zpy1, X}, p) — Po(dz_r | X5, )| Po(dz— p| Y F S, X
<bT / IPy(Z—r € |Z k11 = Zky1, X)) — Po(Z—r € 1XT5 )y

X Pg(dz k-+1’Y S—?TLy )

IPo(Z— € |Z_t11 = Z_py1, X}, 0) — Po(Z—r € -|XT5, 1 )llTv goes to zero as k goes to infinity,

owing to the Markovian property of Z; conditional on X™% and Assumption (A2). Thus

7_k —
sup po (Y, 1Y S, X)) — po(YE, 11X, 1) — 0,Pgs — a.s. as k — oo. (A.15)
m=

Using Assumption (A3),

B = pg (Y9r+1 ‘Xgr+1)

0
—/Z( 11 pe(Yk\Y’“;l,s_r—S,kao

s k=—r+1

X P@(S—r = g’?—ﬁ X9r+1)P9(?—T S dy—r’X(lr+1)

/ H b Yk: rvXk)IPG( - Edy r‘X r+1) >0
k=—r+1

By (A.15), with Py«-probability arbitrarily close to 1, By, is uniformly bounded away from zero
for m > k and k sufficiently large. By (A.14) and (A.15),

hm sup |p9(Y1|Y0, vg—mv Xim) - pG(Y§|YQT+1’ XirJrl)’ =0,

k—oo m>

in Py — probability.

Since po(Y4[¥0, Y s Som, XL,) = Yspa(YiY0,S0 = 5, X4)Py(So = 8[¥0,5_, XL,,), it is
bounded below by szl b_ (Y,’j_T,Xk) and bounded above by !,. The same lower bound can be

attained for py(Y? \Y_TH, X', . 1). Use the inequality |logz —logy| < |z — y|/(z A y),

lim sup |Ugm(8) —U(8)] =0, in Py — probability

k—oo m>k
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Using the bounds of pg(Y{\?o,?:fmg_m, Xt ),

k m>k

Eg- [sup sup |Ug,m (6 )|] < o0.

The proof is completed by applying the bounded convergence theorem.

A.3 Detailed proof of lemmas and theorems in Subsection 5.1

To show the approximation of the score function, we first need to show the mixing rate of the

time-reversed Markov process.

LEMMA 8 (Minorization condition of the time-reversed Markov process). Let m,n € Z with
—m < n and § € O. Conditionally on ?ﬁ and X", . {§n—k}0<k<n+m satisﬁes the Markov
property. Assume (A3). Then, for all T < k < n+ m, a function uk(Y X" ktr A) ewists

such that:

(i) for any A € P(S), (¥, 54", x5 & g (77 847 xR A) ds a Borel function; and

—m ) —m

n— k+r n—k+r

gk , (" , XY s a probability measure on P(S). Moreover,

n— k+r

(ii) for anyy™ and x"

for A € P(S), the following holds:

min 7P9(Sn7k € A’Snkarr = gnfk+r7Yfma X" )
gn—k+reg

n—k+r—1 n—k+r ~ pn—k+r—1 n—k+r
(Yn k— 7’+17Xn k+1) Hk(Y—m ?X—m ’A)

k 1 k
Y k+r—1 X" k+r) A HZL n+1:+1b (Yf wXZ) H? n+k+lo' (YE—lyXE)
n—k—r+1° n—k+1/ — b+r .

where w(

Proof. To observe the Markovian property, for 2 < k < m + n,

P0(Sn_klSh i1, Yy X0 (A.16)
20 rn Yo it [Sucir, Yook X )po(S i YK A7)
Po(Sp_pr2 Yoo k+1|§n—k+17?n—kzasz)p0(§n—k+1a?i;nk|xzm) ‘
=po(Sn_p[Sn_p1, Y ¥ Xkt (A.18)
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To observe the minorization condition, note that

= < ~ < S —k+r—1 _
PG(Sn—k € A|Sn—k+rvYT—LmaXﬁm) = PG(Sn—k € A‘Sn—k—&-rv?n o ’Xr_zmk+r)

—-m
Spk = Snup, YT Xkt (S Shk =8 i, Yo T Xkt
Egn_keA p9( n—k = Sn—k, XY _y s N m )p@( n—k+r| n—k = Sn—k, Y _g ; n,kJrl)
- = _ <n—k+r—1 —k+ = < _ ~n—k+r—1 —kdtry
Zgn_keng(Sn—k =Sn—k, Y _py s X )P (Sn—kar|Sn—k = Snks Y aXZ_]H_D

. = S _ ~n—k+r—1 —k _ _ =
Since po(Sn—tt+r|Sn—k = Sn—k, Y p_4 ’Xszj:) <1, and for all §,,_g1,,Sp—k €S,

Q = Q = ~n—k+r—1 n—k+r n—k+r—1 n—k+r
P9(8n7k+r = Snkarr‘Snfk =Snk, Yk 7ank+1) > W(Yn,k,T+1a Xn7k+1)>

it readily follows that

Po(Sn-k € ASuctetr, ¥om, Xlm) 2 w(ViTE I KT (Y220 X057, A)

with

fip (YRl ke Ay A (S e AFYT R gk

—m—r+1>

COROLLARY 2 (Uniform ergodicity of the time-reversed Markov process). Assume (A3). Let

m,n € Z, —m < n, and 0 € ©. Then, for —m < k < n, for all probability measures 1 and o

defined on P(S) and all Y,

> Py(Spe-S,=58Y",, X", () - > Py(Sp €[S, =5Y",,, X", )us(s)
=S TV
L(n—k)/r] ‘ ‘ [(n—Fk)/r]
< I G-wwimmaximi))= 11 G-wVa).
i=1 1=1

seS

We follow almost the same procedure to obtain

> Py(Spe-Sn=58Y",,.X",..S n)u()

seS
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seS TV
[(n—k)/r] [(n—Fk)/r]
< [I Q-wrmmdxezie)) = I (= wo(Vagr))-
=1 =1

First, we show that the initial state s does not show up in the limit. We define

”‘bQ*,t ’OO = MaXg 5, 1 ”‘bQ*((Sth;f)v (gt—h?t—l)vXt)H'

LEMMA 9. Assume (A2)-(A4) and (A7)-(A8). Then, for —m’' < —m < k <,

Eo- |[Eo- [0+ (Zs B, Xe) Vs S = 5, X0, = Bge [0 (Zi B, Xi) Vs X, |

< 8(]]‘39* [||¢0*,0 io] )%pL(k+mfl)/2rJ7

(A.19)

E,. HEe*[qbe*(Zk,Zk L XY X — Ege (b (Ziy Zo1, X)Xy im/]H?} (A.20)
< 8(8e [100-ollL]ermrt,

Ep- :HEe*[¢9*(Zk,zk—1an)|?t—mvXt—m] _Ee*[%*(zk’zk_l’Xk)‘Y Xl } (A.21)

8(Eg- [lld0+0ll5] )%PL(t_l_k)/ZTJ-

Proof. First, show (A.19).

= <t
o+ [d0+ (Zks Zi—1, Xi)[Y s Som = 8, XL, ] = B (b= (Z, Zi—1, Xi) [y XL, |

_ ., B )
§2H¢€*7k||ooH ZPO*(Sk—l €Y', S =5 m X" )05(5_m)
B Z Py (gk_l € '|?t—m’§*m =S-m, Xt—m)PG* (gfm = g7m|Yv—ma Xt )H
L(k+m—1)/7]
pgrlle [[ (- w(Vomir)
=1

Using Lemma 2 and Holder’s inequality, the second moment is bounded by

[(k+m—1)/r]

4E9* HQZ)Q*,ngo H (1 - W(V—m+ri))2
=1
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| (ktm—1)/r] >

Eg+ H (1- W(V—m+ri))4
i=1

N|=

<4(Eg- [[ld0-0ll%])
<8 (Ep- [”%*,OHQ)% plktm=1)/2r]

We can show (A.20) by replacing P(Sp_; € -[Y",,,S—m =5, Xt ) with P(Sp_1 € -|Y",, Xt ).

For (A.21),

2 < = <t—1 -
[Eo- (b0 (Zis Zi—1 Xi) Y s X ] — B[99+ (Zk, Zi1, Xi) [ Y s X511

= = e s ot

<2 tllo|| 30 Po- S € 81t =511, Y0 XD (B4, XL )
St—1
o I3 - ~vt—1 t—1 o vt yt—1
o Z Pg- (Sk € '|St—1 = St-1, Y—ma Xfm)Pe* (St—l ’Y—m7 Xfm) H
St—1
L(t=1-Fk)/r]
L2goeplle [ (=@ (Vicirm).
=1
The bound for its second moment follows similarly to the proof for (A.19). [

Since {Eg+ [pg+ (Zk, Zp—1, Xi) |?t,m, Xt 1}m>o is a martingale, by Jensen’s inequality, {||Eg+ [pg+ (Zk, Zg—1, Xk)|

is a submartingale. Moreover, for any m,

~~t

— t
Eo« ||| Eo« [0+ (Zk, Zi—1, Xi)|Y _pns

¢9* (Zk,ik,l, Xk)Hz‘?—ma

XL lI12] < o [Boe| XL,,]

= Ky« [H@*(Zk,zk,l,Xk)HQ] < o0

under A8. Then by the martingale convergence theorem (see, e.g., Shiryaev (1996, p.508)),

= —t
1Eo+ [0+ (Zky Zk—1, X1) | Yy X0 0112
(A.22)
= —t
— ||E9* [gf)g* (Zk, Zk—l; Xk)|ono, Xioo] ”2, Py« — a.s.
as m — oo and
= —t
Eo- ||| Eo+[¢0+(Zry Zi—1, Xi)| Y oo, X ]|12 | < 0. (A.23)
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On the other hand, by setting m = oo in (A.21),

Eg- § |Eg- (¢ (Z, Zi1, Xi) Yo, X! ] = Egr g+ (Z, Zi1, Xi)[Y o, XL | < 0.
k=—o00
(A.24)
Combining (A.23) and (A.24), A; o (6*) is well defined in L?(Pg-).
Proof of Lemma 4. It suffices to show lim, o Eg« [H\/lﬁ Z?Zl (At,o SCA At() H }

. . 2
and limy, o0 Eo- [H;ﬁ iy (Ano(0%) = Avecl)) | ] = 0.
First, we show the first term. From (25),

. * - = vt -
> Avos(0%) =D Ege [¢o+ (Z1, Zi-1, X1)[ Y, So =5, X{]
t=1 t=1
and similarly, from (26),
n . . n . —
> Avo(0) = Eo- [¢o+ (20, Zi1, X1)[ Y, X5
t=1 t=1

Using the Minkowski inequality and (A.19),

fer (|55 s s ]|

1 O = Tt = < 2
Ep- H s 2 (B[00 (2 2t X0V, 80 =5, X4) = B[00 (20, B, X0V, X3 ) | ] }
L t=1

N|=

—N—

n

1
1 B - B - o
g% <Ee* [HEH* (60 (Zt, Ze—1. X1)| Y, So = 5, Xb] — Ep- [%*(Ztaztfl,Xt)IYé,Xé]H D
t=1
<> 88 lgo-oll] ) ) < La(Be [lon-ol])
\/ﬁ t=1 Vn ) p(l _ pﬁ)

which converges to zero as n — oco. Next, consider the second term.

i

1
_ . _ — 21\ 2
< (Ee* [HEQ* (o (Z1, Zip—1, Xt)[Y _ oo, X o] — Epe [¢9*(Zt7Zt—laXt)’YmXB]H D

<E9* {HAN — Ayse(67)
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t—1

5 <t 5 =1 ot
+ 7 (Bor [|[Eor 1000 (2 B, X0) Vo XL ] = B[00 (Zi Zo1, Xi)| Vo, XL
k=1

1
_ _ _ —t1 _ 2 2
~Eg- 160+ (5 Zie-1, Xe) [V, Xb] = B[00 (Z, B, X0)[ VX571 ])
0 21\ 2
_ — = ~t—1 _
+ ) <E9* U]Ewwe*(&,zk1,Xk>\Ytoo,Xtoo]—Ee*[gﬁe*(zk,zk1,Xk>rYtoo,X202]H D
k=—o00

<4(Eg~ |

|Po+0

t—1 0
\io] )i <pL(t1)/4rJ + QZpL(kfl)/ﬁlrJ A pL(tflfk)/47“J + Z pL(tlk)/4f‘J>
k=1 k=—o00

0
<A(Bpe [l oll&] )7 [ 07 +2 30" 423 0+ S o

t t -
k>3 k<3 k=—o00

1
16— pir b-
<4(Eg- [||p- 0l 4] )41%/) &

Using Minkowski inequality,

fer [l 5 w0} 3 (|

t=1

which converges to 0 as n — co. |

A.4 Detailed proof of theorems in Subsection 5.2

The following Lemma 10 extends (14).

LEMMA 10. Assume (A2)-(A4). For 1 < m < n, {t, h<ii<a, and {tn, }1<ir<b,, are two

sequences of integers satisfying (i) ey, # ti, for1 < i1, < am and iy # iy, (i1) thy, 7 tn, for
21 )

1 <9, th < by, and iy # iy, and (iii) thi, 7 thy, for all 1 <iy < ay and 1 <y < by, then it holds

that for the same g9 and p defined as in Lemma 2,

n Am, bm
Pe*{ ) [ [[- (Vi ) A [Ta- w(Vt%))]

m=1 41=1 i9=1

n
< p_gm(f_;_u) Z pamvbm ev} =1, (A.25)

m=1
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where t and t are integers such that t < tki17thi2 <t, foralll<iy <ay and 1 < iy < by, and all
1<m<n.
For 1 <m < n, {ty, h<i<am: {thi, N<iz<onm, and {to,, }1<ig<c,, are three sequences of integers
satisfying (i) ths, # t, for1 <iy,i) < an and iy # iy, (i1) ths, # t, for 1 <y, iy, < by, and
1 2
io # b, (i11) te, # t@-g for1 <is, iy < ¢y and iz # iy, and () ths, 7 thiys thyy 7 te, andtn, #to,
foralll <iy < apm, 1 <ig < by, and 1 < i3 < ¢y, then it holds that for the same eg and p defined

as in Lemma 2,

n Qm, bm Cm
Pe*{ Z [ H (1- W(Vtkil )) A H (1- w(Vt%)) A H (1- w(Vt%))]

m=1 ~i;=1 i0=1 i3=1

n
< p_QEO(Z_tJ,-l) Z pamvbmva ev.} =1, (A.26)

m=1

where t and t are integers such that t < thiysthiy s te, < t, for all 1 < i1 < am, 1 < 15 < by,

1<is<en, and alll <m <n.

Proof. First, we show (A.25). We define p, I; and g as in (A.4), (A.5) and (A.8), respectvely.

Notice that g € (0, 15, L)y Using 1 — w(Vy) < p'~ ', it follows that

am

T wviy, ) < g Z i < ol
i1=1
b b =30 Iy b -3
[L0—w(vy, ) <p™ 527 e < bt
ia=1
and
n Qm, n 7 7
Z H (1-w Vtk ) A H (1-w Vtg ) < Z pam_ztzzl’f /\pbm_zt:zh
m=14,=1 iz=1 m=1

= p Tt 10 37 pmVom, (A.27)

Since V; forms a stationary and ergodic sequence for ¢t < t < ¢, the strong law of large numbers

yields (t —t + 1)_1(Z§:§ I;) = Eg«[11] < €9, Py — a.s. Hence,
Py- <p_ Yicelt < p=2e0(F-t+1) ev.> = 1. (A.28)
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The proof is completed by combining (A.27) and (A.28). (A.26) similarly follows. [

LEMMA 11. Assume (A2)-(A4) and (A7)-(AS8). A random variable K € L'(Pg+) emists such

that, for allt >1 and 0 < m < m/,

P- <maxsup IT%m5(0) = Timrs(0)[] < K (8 v m)?plt /%0 ev.) =1, (A.29)
S feq@

Pg- <maxsup IDems(0) — Tem(0)|] < K (tV m)2pltm)/ir ev.> = 1. (A.30)
S 0eG

Proof. Put ||¢x|lec = maxs, s,_, supgec |60 ((sks Ya)s Bro1, Yi—1), Xi)||. For —m/ < —m < k <,

HEe [q'ﬁe(Zk,qu, XY S =5, Xt—m:| —Ey [é@(zkazkfla XY, Xt—m} H
. (k-tm—1) /7]
<2dnlle I A= w(Vomiri),
=1
|Eo[do(Zi, Zip—1, XY S m =5, X", = Eo|do(Zk, Zi—1, XY, S =5, X',
(k-tm—1) /7]

<dilloe I (1= w(Vomir),

i=1
HEe [qﬁe(zk,zk—l, XY, S =5, Xt_m} —Ey [d)o(zkazk—ly XY 0, Som =5, Xt:nﬂ H
I
<2dille [ O —w(Vigrri),
i=1
; 7 Nt t ; 7 il xt—1
HEe [Cf)e(Zk, Zk—l’Xk’)‘Y—m7X—m} —Ey [%(Zk, Zk—1>Xk’)‘Y—m7X7m:| H
-1k
<2dulloe [ (1= w(Vitrri))-
i—1
First, we show (A.30).
L
ITems —Temll < 2ldillee [ (1= @(Vomir)
i—1
t—1 ' L(k+m—1)/r] [(t—k=1)/7]
43 Nkl TI O-wVome)n JT (= @(Virr)]
k=—m+1 i=1 i=1
' t [(k4+m—1)/r] L(t—k=1)/r]
4wzl 30 [ O L VI U W(Visr ) |

(A.31)
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The first part of (A.31) is bounded by

4 o <4 (|k| v 1)2 .
—mI—Elagk<t H¢k” - Z | | Vv |k‘| V. 1)2 Hd)kH
k=—m+1
4(t v m)® oo A.32
vm® 2 Tl (A.32)

We proceed to bound the second part of (A.31). Since —m+r|(k+m—1)/r| <t+r—r[(t—k—
1)/r], we can apply Lemma 10. Using pltm=1/r] p plt=k=0/r] — plt=k=1)/7] for } < Em and
p\_(k‘i’mfl)/"'J for k 2 t_Tm7

t

p*2€0(t+m+r71) Z (lechTﬂJ A th—I;—lj)

k=—m-+1
— m-r— t—k—1 k+m—1
SP 2e0(t+m+r—1) Z ,OI‘ - J + Z pl- r J
k(=) /2 k>(1=m) /2
t+m
<P (A.33)
P (1= p7)

Because of (A.32), (A.33), and Lemma 10, (A.30) follows.

Next, we follow a similar procedure to show (A.29).

[(t+m—1)/r]

ICems(®) = Loms@l < 20delee  [I (1 —w(Vormsri)

i=1
-1 ) [(k+m—1)/7] L(t—k—1)/r]
+4 ) chklloo[ I -wvVae)n JI - w(vm_”,))]
k=—m+1 i=1 pal
—-m ) [(t—k—1)/r]
+2 Z H¢kHoo H (1 - W(Vt—l—r—m')) (A34)
k=—m’+1 i=1

The first two terms on the right-hand side can be bounded as above. We proceed to show the bound

for the third term. Define p, I; and £ as in (A.4), (A.5) and (A.8), respectvely. Notice that the p

and e are the same as the ones in Lemma 2. Using 1 — V; < p'—1t,
—m L=k=1)r]
Z [[o7a[es H (1= w(Vigrri))
k=—m/+1 i=1
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—m

j —k— - Lt—k=1)/r] ,
< Z H(kaOOpL(t k 1)/TJ Zi:l It+7‘7r7,

k=—m/41
“m ‘ t
= Z H¢kHoopL(tikil)/rJ7Zz‘:fm’+r+1Iz‘
k=—m/+1
t —m )
<p~ Zimmerin i Ny faoptE R/,
k=—m/+1

Using (A.6) and (A.7), Eg«[p~ Yl b1 ]i] < 2forall m’ and t. Then p~ e L <p Y i
which is in L'(Py-).
Since —% < # for k < m, we can follow a similar procedure to Douc et al. (2004, p. 2295)

to obtain

—m —m

. L t+m . t—m—2k
23 Ndrllaop! I <205 ST GplloopTE
k=—m/+1 k=—m/+1
t+ > . %] t+ > . [k]
<22 D klleor P <20 Y dklloepz
k=—o0 k=—o00

Then (A.29) follows.

|
LEMMA 12. Assume (A2)-(A4) and (A7)-(A8). Then, for allt > 1 and 0 < m < m/,
lim Egp«[maxsup |[|[T'yms(0) — Tt s(0)]]] =0, (A.35)
m—00 S gei
lim Eg«[maxsup ||t ms(0) — Tem(8)]|] = 0. (A.36)
m—r00 S fei

Proof. (A.35) follows from (A.34) and

Eg+ [ supmax [Ty, ms(0) — T 5(0)|]
9cG s€S

L(t+m—1)/r]

SQ(Ee*Wngo)é{ [Ee[ II - wW—mm))QH

1
2

=1
-1 [(hm—1)/r] | Lok 15
+2 Y [Eg[ [T (-oVoe))’n ] (1= w(Vieri) H
k=—m-+1 i=1 i=1
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—-m [(t—k—1)/7] ) 1
+ Z [Eg[ H (1 — W(Vt—i-r—ri)) H }
k=—m/+1 =1
] 1 pt+ZL,«_2_1
<8(Eglléoll5) >
1 — p2r

which converges to 0. Similarly, we can obtain (A.36) by using (A.31). |

LEMMA 13. Assume (A2)-(A5) and (A7)—(A8), for alls € S and m > 0, the function 6 — Lo m 3

is Pg« — a.s. continuous on G. In addition, for all § € G and for alls € S,

lim Eg«| sup [Toms(0") —Toms(d)|| =0.
0—0 |6"—6|<5

Proof. Note that |I'gn,s(6)] < 222:_m+1 |k lloo- By Assumption (AS8), To,,s(f) is uniformly
bounded with respect to § by a random variable in L!(Py). It hence suffices to show that for

—-m < k<0,

lim sup EG/ [d)gl (Zku zk—lv Xk) |?0—m7 §—m =S5, Xgm]
0—0 ‘01_0|S6
— Boloo(Zi, Z1, X3)[Y 1 S =5,X° 1| =0, P —as.
Write
; - R — _
Eol¢o(Zr, Zi—1, Xi)[Y 1, S =5, X2, ]
: < _ = _ 50 o _
= Z b0 ((Yies sk)s (Yi—1,8k-1), Xi)Po(Sk = 8k Sp—1 = 85-1|Y 1, S—in = 8, X°,).

SksSk—1

Note that gf)g ((Yk, sk)y (Ye—1,8k-1), Xk) is continuous with respect to € by Assumption (A7). Similar
0

to the proof of Proposition 1, we can show Py(Sx = sx,Sk_1 = 8r-1|Y_,,,S—m = 5,X°,) is

continuous with respect to 6 from Assumption (A5). The proof is complete. |

By Lemmas 11 and 12, {I'g 1, 5(0) }m>0 is a uniform Cauchy sequence with respect to 6 Py«-a.s.
and in L!(Pp+). Lemma (13) shows that [, 5(6) is continuous with respect to 6 on G Pp« — a.s.
and in L!(Pg+) for each m. Hence, T'g »(#) is continuous with respect to 6§ on G Pys-a.s. and in

L'(Py-).
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Proof of Proposition 3. Write

n

% Z T105(0') — Eg-[To,00(6)]
t=1

n
. . 1
<lim lim sup —
d—0n—o0 0:0"—0| <6 n ;

lim lim  sup
00200 gr.1gr_g| <5

Tt05(0") = Tt00(6)]
1

% zn: Tt oo(0) — Eg- [Fo,oo(e,)]‘

4+ lim lim  sup
60300 gr.1gr_g| <5

4+ lim lim  sup [Ey-

To.00(8') — To.00(6)].
5—>0n4>ooe,:‘6,70|<6 0,00( ) 0,oo( )‘

The first term on the right-hand side is zero Pg« — a.s. by Lemma 11. The second term is zero
Pg- — a.s., owing to the ergodic theorem. The third term is zero from the continuity of I'g o (6) in

LY(Pp). [ |

LEMMA 14. Assume (A2)-(A4) and (A7)-(AS). Then, a random variable K € L*(Py) exists

such that, for allt >1 and 0 < m < m/,

Py- (max SUP || D41 5(0) — By ()] < K (¢ V m)PptHm/sr eu) =1,
5 9eG

Po- (max S ||, m,s(0) — Ppmr5(0)]| < K (tV m)?plttm/er mﬁ) =1
S feqG
Proof. Put ||¢k|lcc = maxs, 5, , Supgeq || 00((sk, Yi), (8k—1,Yi_1), Xg)||. For m’ > m >0, all —-m <

(<k<n,all§ec G, andalls_,, €8,

B L(k—e=1)/r]
ICovolo, b0 ¥, X0l < 2ldnlloclltelon [T (1w (Verri)),
i=1
- [(k—t=1)/r]
ICoveldor, ¢0.61Y "1 Sm =8 m, X2l < 2lldkllcclldelce [ (1= w(Verni),
i=1

1Cov[do.ks Dol Y s S—m = 8—m, X",] — Covldg.r, Po.elY s Xl
L(e+m—1)/r]

< 6”¢k”oo||¢€”oo H (1 _W(V—m-i-ri))a
=1

. —1 _
Cove[dek, Do.e| Y s X0n] — Covaldar, da.el Y » X 0]l

[(n—k—1)/r]
< 6”¢k||00||¢€||00 H (1 _W(Vn—i-r—ri))a

i=1
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< — n—1 o _ n—
[Cove[do.rs d0.e|Y s S—m = 5—m, X", — Covoldo.k, Po.e|Y s Sem = 5—m, X"
[(n—k—1)/r]
< 6H¢k”00”¢f‘|00 H (1 - w(Vn+7‘—ri))~

i=1

We define A% = ZZ _o ®6,i- Then, @, 5(0) — @41y 5(0) may be decomposed as A + 2B + C, where

A=Varg[AZ} ¥, S =5, XL,] — Varg[AL V50,8 = 5, X5
— Varg[A'5h Y0, X)) + Varg[ASL, V5, X5,
B =Covg[A" mﬂ,@tw,m,s_ =5,X", ] — Covg[A" mH,(p@tyY,m,xim],

C =Varg[¢g[Y" ., Sm =8, X", ]| — Varg[pg /Y., X", ].

We have

[(d+m—1)/7]

JAl<  max  fdulleolidello x2 Y {[2x6 [I -V

—m+1<b<k<t—1 ;
—m~4+1<l<k<t—1 i=1

[(k=t=1)/r] L(t=k=1)/r]
A [4 X 2 1:[1 (1 —w(wm))} A [2 x 6 1:[1 (1 —w(VHr_M))} }

[(k+m—1)/r]

LI~ NP DI | S ) (GRS L )

T —m1<k<t—-1 .
—m+1<k<t—1 i=1

L(t—k—1)/r]

A [2 <2 J[ - W(Vk—i-rz'))} }
=1

L(t+m—1)/r]

IO < llgellZe <6 [T (1= w(Vorr).

i=1
Similar to the calculation on p. 2299 of Douc et al. (2004), we derive

o0

3 2
e 38 [OtllelBeloo < (m* ) 3 7 WH Torv eIl

In view of Lemma 10 and

p2e0(tHm—r+1) 3 (pL(€+m—1)/rj A pltE=t=1)/7) /\pL(t—k—l)/rJ>

—m+1<l<k<t—1
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1 t+m—4

P- (]l ]| < (m? +£°) i oz, 20 I
m k 1 1 ev.) =4
ke —oo ’k‘\/1 (k[ v 1)2 (1—p?)(1—p§)
> 12p 51
Po- (I B]| < (m* + 1) Z ‘km RRLLE Hev.) -1,
— —pr

(e 9]

Po- (IIC1| < (m? +#) ) X Ww vl onlRpt I v, ) = 1.

The difference @4, 5(0) — Py 5(0) can be decomposed as A+ 2B +C — D — 2E — 2F, where

A=Varg[A"L [V S,, =5,XE, ] — Varg[A" m+1|Y_m,§,m_s X
— Varg[AY 1+1\Y S =5, X0 ]+ Varg[ASL V5,8 =5, X571,

B =Covy[A" L S ..=5X"]

— Covg[AL m+1,¢9t]Y s S =8, X5

C Var9[¢9 t’Y_m, S_m =S5, Xt ] Var9[¢9 t’Y S_ m' =S8, X! /],

!

D =Vary [A:%’Jrl |?t—m" §*m/ =S5, thm’] — Vary [A:%’+1 |?t_77711’a §fm/ =S5, Xtil/]a
_ <t — _

E =Covg[A"} , AT Y S =5, X))

— Covg[A",} 1, A” +1\Y LS, =5 Xt} 1),

—m/’

F =Covy[A” ,_H,(;ﬁgt\Y s S =8, X5

|All, | B]|, and ||C|| are bounded as above. For the other terms, we have

L(t—k—1)/r]
Ipi<2 > o I 0-w(Viw)

—m/+1<I<k<—m i=1
L(k—£=1)/r]
p2x2 JT (= Vi) Iokllorlc,
=1
—m L(E=k=1)/r]

Es YOS 6 TI (-w(Virrn)

k=—m+1¢=—m'+1 =1
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L(h—t—1)/r]
A2 %2 H (1—OJ(VZer'))]H(Zsk”oo”d)ZHOW

=1
[(t—L=1)/r]
F< > 2 JI (O =w(Vem)llgel ool dlloo-
—m/4+1<4<—m i=1

Define p, I; and g as in (A.4), (A.5) and (A.8), respectvely. Notice that the p and ¢¢ are the same

as the ones in Lemma 2. Using 1 — V; < p'~= 1t
L(t=k=1)/r] L[(k=L=1)/r]
S I a-wVaennzxe T 0 -w(Ve)]| I9ulcldl
—m/+1<b<k<-m =1 i=1
<12 3 (pl=k=0/r =S Lo p ==/ =S Loy 5o

—m/+1<b<k<—-m

<12p” S i i Z (pL(tfkfl)/TJ A pL(k*ffl)/v"J)|’¢,k||oo||¢£||OO

—m/+1<t<k<-m

Using (A.6) and (A.7), Eg«[p~ Eie i) < 2 for all m’ and t. Then p~ Sieem li < p- Zitoioo]i,

which is in L!(Py+). Following a similar procedure to Douc et al. (2004, pp. 2301), we obtain

Sl E/ g D/ el

—m/+1<U<k<—m

00 o
tfm—2 i 1L}
<p s P> pelldrlle > P Ikl

{=—00 k=—o00

Thus,

(o) o)
t+m—2 4 _ g too . 1] 1kl
IDI| <12p 5 o 2=t N o5 gyl D o5 (| koo

{=—00 k=—00
Similarly, we can derive
t+m—2_ 4 72+00 I; > el > L
IE| < 6p 5 ~tpm iz li N psr(lgylloc D p [ dkloos
{=—00 k=—o00
thm_g _ytee > 31 > L}
IF) < 2 S5 ST 0¥ grlloe 3 05 6411
{=—00 k=—00
The proof is complete. u
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Using a similar procedure to that in Lemma 12 and the inequalities in Lemma 14, we obtain

the following lemma.

LEMMA 15. Assume (A2)-(A4) and (A7)-(A8). Then, for allt > 1 and 0 < m < m/,
lim Eg«[maxsup [|P¢ms(0) — Prm 5(0)]]] = 0,
m—r00 S 9eG

lim Egp+«[maxsup ||®sms(0) — Prm(0)]]] = 0.
m—0o0 S 9€G

By Lemmas 14 and 15, {®¢,,5(6)}m>0 is a uniform Cauchy sequence w.r.t. § Py« — a.s. and
in L'(Pp+). The rest of the proof of Proposition 4 follows along the same line as the proof of

Proposition 3.

A.5 Supplemental proof of Proposition 6

Show that for all 8 € Sand s € S, 6 € ©, Egp«|log qa(s'|s, Yo, X1)|? < .

First, consider the case of s; =0 and sg = 0,

Vi—-aZ T—pUs_1 .
v 1-p2  V1—aZy/1-p?
qo(s1 =0lso =0,5-1,...,5_r4+1, Y0, X1) = Vi-? ¢ P
o(rv/1—a?)

The following result holds for the numerator:

TVI-a® T — pU ax
d 0 x)dx
/_oo <\/1—p2 \/1—a2\/1—p2>¢( )

—|rv1=aZ?| _

2/ ) <\T/1 on2 4 7 \024;1 2) o(z)dx
—0 —p -« —pP
—lrvi=e?| T — pUy o]

> o o(x)dx
—|tvV1-a2|-1 \/1—p2 \/1—052\/1—[)2

>0 (j/x(ﬁ; - ";ZTE';") (2(—17vT=0aZ) - &(-|rv/T=a?| - |al))

>@(—D) (qn(—|n/1 “a?)) — o(—|rv/1—a?| - 1))
—o°(D) (@(—|n/1 “a2)) — o(—|rV/1—a?| - 1))

2 _p? 1
2\/;6 P T <<I>(—|T\/1—oz2|) —d(—|rV1 - a2 —1))
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T—pUs—1 _ |arv1—a?|+|of
V1-p2 V1—a24/1—p?

.2
() 2 \/%6 : /2z+\/1x2ﬁ'

where D 2 and ®°(z) £ 1 — ®(x). The last inequality follows from

Eg- [|loggg(s1 = O[so = 0,5_1,...,5_r11, Yo, X1)|*]

SE@* |:

_D? 1
log (8 ’ D+D2+1>
2 2
+log \/;+ log (@(—\nm “a?)) = d(—|rV/1—a?| - 1)) “log(®(rv/1 a2))) }

) 2
We need show only that Eg- [<log (e_DQ D+\/1D2ﬁ>> ] < o00. Note that D is folded normal

distributed and has finite moments. We use log(z) < z — 1 for = > 0 to obtain

- 2 1 2 DQ 2
Eo« |[log|e” 78 ————— =FEg [ ——— — 1o D+\/D2+4>
60 < g< D+ ’7D2+1>> 0 [( B g( )

D
=Eg- - (log(D + v/ D? + 4))2 + D?log(D + v/ D? + 4)]
:D4
+(D+\/D2+4—1)2+D2(D+\/D2+4—1)}
4

4
D
<Fgy- - (2D +1)? + D*(2D + 1)2] < .

(A.37)
SEO*

Next, consider the case of s; =1 and sg =0,

1—a? —pUs_
e (e e

QG(SI - ]-|SO — 075717 .. ',S*T+1,?OaX1) -

O(7v1 — a?)
The following result holds for the numerator
TV1—a?
T —pUo azx
o — o(x)dz
/—oo <\/1—p2 \/1—(12\/1—,02> (=)
Slrvi=ef e pU la|x
> ¥ - o(2)da
NS \/l—p2 \/1—(12\/1—,02
Slrvi=ef el ||
> ® - o(2)da
—|rvV1-a2|-1 \/1—/)2 \/1—0(2\/1—p2

> (;;fUpg n ‘371 e ‘;Jj’:) (@(—irvT=a?) = a(—rv1=a?| - 1))
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>0%(D,) (®(~|rV/1-a?]) - (—|T\/1—a2|—1))
>\/§€_D2%1 ( —|lTvV1—=0a?|) = ®(—|7V1—a? — 1))
Vo Do+ /D3 +1

Tplicy | lorvl-aZlfol S—ri1, Y0, X1)2 <
- M )

\/1pr \/17042\/17,02

D2 2
(log <€_22 W)) ] < 00. The proof follows a similar procedure

. Then, we can show Eg«|log gp(s1 = 1|so = 0,8_1,...,

where Dy £

oo by showing that Eg«

to that in (A.37).

For the case of s1 = 0,59 =1,

> T — pUy ax
/T Vi (b(\/l— _\/1—042\/1—p2>¢(x)dx
(V1= a2 +1]) - &(rv/1 - a?)))

2
2\/56%(
@ D++vD?+1
and for the case of s1 =1, sg =1,

x)dx

/_OO o° T—pUp ax (

V1—-a? 1—,02 \/1—0(2\/1—p2 4
2 _p3

>y e ———————— (P(j7V1—a2+1]) = P(j7V1—a?

R (VT ) - 0T )

and the result follows.
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