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Abstract

I study the transmission of aggregate shocks in a New Keynesian model in which
households’ incomes are heterogeneously exposed to changes in aggregate income, and
borrowing frictions limit opportunities for aggregate risk sharing. I analytically show that
shock transmission is asymmetric: output responds more to contractionary shocks than
to expansionary shocks of equal magnitude. Estimating key model parameters using the
micro evidence on heterogeneous consumption exposures to changes in output generates
asymmetric responses of output to monetary policy shocks that can explain at least 60%

of the empirical asymmetry.
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1 Introduction

A growing body of papers studies how departing from the representative household paradigm
affects the transmission of aggregate shocks in New Keynesian models. When households
are no longer identical, some may be more exposed to the effects of aggregate shocks than
others. For example, Guvenen and co-authors (2014, 2017) use high quality administrative
income data for the US to document significant heterogeneity in how households’ incomes
co-move with business cycle movements in GDP.! However, this heterogeneity in the incidence
of aggregate shocks is somewhat understudied by the existing literature, which focuses on the
effects of idiosyncratic and uninsurable income risk on the transmission of aggregate shocks.

In this paper, I contribute towards filling this gap.

I study the transmission of aggregate shocks when households’ incomes are heterogeneously
exposed to changes in aggregate income (output), and borrowing frictions limit the oppor-
tunities for risk sharing. I couple this model of the household sector with a standard New
Keynesian supply-side: firms are monopolistically competitive and are subject to costly price
adjustments, and nominal interest rates are set according to a Taylor rule. In this setting, I

explore the transmission mechanism of aggregate shocks both theoretically and numerically.

Using a simple version of my model, I analytically establish my main novel result: output
responds more to contractionary monetary policy shocks than to expansionary shocks of equal
magnitude. This result follows from the fact that households’ incomes are heterogeneously
exposed to changes in aggregate income, and that borrowing frictions prevent households

from fully sharing this aggregate income risk.

In the presence of binding borrowing constraints, only households with the strongest incentive
to save respond to interest rate changes on the margin. I refer to these households as savers.
In equilibrium, savers are unconstrained, and their consumption response is governed by a

standard Euler equation.

As a simple example, suppose that the elasticity of intertemporal substitution (EIS) is one,
and consider a transitory shock to the real interest rate of +1%. The Euler equation states
that, in response to this shock, saver households reduce their current consumption by 1%.
Likewise, a shock to the real interest rate of -1% causes saver households to increase their

current consumption by 1%.

In contrast, borrowing-constrained households necessarily respond asymmetrically to positive

and negative interest rate changes. For a household to be borrowing-constrained in response to

! As an example of this heterogeneity, figure 4 in the appendix reproduces Figure 2 in Guvenen et al. (2017),
which plots the 4 coefficients from the pooled OLS regression

Alogyir = ag + BgAlogY; + ui

where y; ¢ is worker i’s income in period ¢ as reported on her W-2 form, Y; is GDP, and the groups {g} are the
gender-specific (Panel A) or age-specific (Panel B) percentiles of the permanent income distribution computed
using incomes in periods ¢ — 6 to ¢ — 2. In both cases, there is significant heterogeneity in the estimated g4
coefficients across groups.



a 1% interest rate hike, her equilibrium drop in current consumption must be greater than 1%.
If this were not the case, she would use the asset to save in order to achieve the unconstrained

response of a 1% drop in consumption.

Conversely, for a household to be borrowing-constrained in response to a 1% interest rate
cut, her equilibrium increase in current consumption must be smaller than 1%. If not, she
would use the asset to save in order to achieve the unconstrained response of a 1% increase in

consumption.

Combining the consumption responses of savers and borrowing-constrained households implies
that on average, households decrease their current consumption by more than 1% in response
to a 1% interest rate hike, but increase it by less than 1% in response to a 1% interest rate
cut. Therefore, in equilibrium, output (equal to aggregate consumption) must respond more
to contractionary monetary policy shocks (interest rate hikes) than to expansionary monetary

policy shocks of equal magnitude.

I establish analytically that this mechanism applies to the transmission of two other aggregate
shocks commonly used in the New Keynesian literature: TFP shocks and cost-push shocks
(direct shocks to inflation). In each case, the transmission of the shock that increases output
in equilibrium is weaker than the transmission of an equal and opposite shock that decreases
output. I also study the responses of inflation to these shocks and show that the direction
of the asymmetry depends the type of shock hitting the economy: inflation inherits the out-
put asymmetry in response to monetary policy shocks, but exhibits the opposite asymmetry

pattern for TFP and cost-push shocks.

I confirm that output response asymmetry is robust to the introduction of idiosyncratic risk.
I show that, in the empirically relevant case of very persistent idiosyncratic shocks, the asym-
metry of the output responses to monetary policy shocks is unaffected by idiosyncratic risk.
Intuitively, when idiosyncratic shocks are very persistent, a household does not expect her con-
sumption to change for idiosyncratic reasons, so that her incentive to borrow or save is driven
mainly by her income sensitivity to changes in output, as in the case without idiosyncratic

risk.

Similarly, I show that output response asymmetry occurs when households have heterogeneous
EISs. In this case, binding borrowing constraints restrict the increase in consumption of high
EIS households in response to expansionary shocks, and also prevent low EIS households from

achieving small consumption declines in response to contractionary shocks.

The size of the output response asymmetry is determined by the highest and lowest sensitivi-
ties of household consumption to equilibrium changes in output. Intuitively, a larger range of
sensitivities implies less asset trading in equilibrium and hence tighter borrowing constraints,
which causes a larger asymmetry. Using micro data on household consumption from the Con-
sumer Expenditure Survey, I estimate a lower bound for the ratio of these sensitivities of 2.5.
Inserting this ratio into the model then implies that the output response to a contractionary
monetary policy shock is two and a half times larger than the response to an expansionary

monetary policy shocks of equal size.



I finish by showing that an asymmetry of this magnitude is consistent with the macro-
econometric evidence for asymmetric output responses to monetary policy shocks. Using
local projection methods (Jorda, 2005), I estimate that the maximal response of output to a
1% contractionary monetary policy shock is approximately four times larger than the maximal
response to a 1% expansionary shock. Therefore, the quantitative mechanism is capable of

explaining at least 60% of the empirical asymmetry.

Related Literature 1 contribute to a growing literature that studies how departing from
the representative household paradigm affects the transmission of monetary policy and other
aggregate shocks in New Keynesian models. A large body of work has replaced the repre-
sentative household with the assumption that households face idiosyncratic and uninsurable
income risk that causes ex-ante identical households to experience ex-post heterogeneous time
paths of income and consumption. This class of Heterogeneous Agent New Keynesian (HANK)
models has been used to study the decomposition of monetary transmission (Auclert (2017)
and Kaplan et al. (2018)), the power of forward guidance (McKay et al. (2016) and Werning
(2015)), and the determinacy of interest rate rules (Acharya and Dogra, 2018), among other
issues. Relative to these papers, I consider a novel dimension of household heterogeneity, and
study its implications for the transmission of a variety of aggregate shocks, not limited to

monetary policy.

An important exception in the extant literature, and the closest forebear to my paper, is
Bilbiie (2018), who analyzes the transmission of monetary policy in a tractable class of Two
Agent New Keynesian (TANK) models. In this class of models, the first set of households
do not face any frictions in the asset market, while the second set face severe frictions that
prevent them from both borrowing and saving. These households thus live “hand-to-mouth”,
and consume their entire income in each period with a marginal propensity to consume of
one. Using this set up, Bilbiie shows how the response of output to interest rate changes is
amplified when changes in aggregate income fall mainly on the hand-to-mouth households,

and dampened otherwise.

While Bilbiie’s model also features heterogeneous income exposures, the responses of output
remain symmetric in his framework. The lack of asymmetry follows from the extreme way
in which asset markets are modeled in TANK frameworks: the first group of households has
complete access to asset markets, while the second is completely barred from borrowing or
saving any amount. This assumption implies that only the first group of households adjust
their consumption in response to interest rate changes. Hence, the equilibrium output response
simply coincides with the consumption response of this group, and is therefore symmetric in
the sign of the interest rate change. I show that relaxing this assumption so that all households
only face constraints to borrowing generates asymmetric transmission of aggregate shocks that

aligns well with the macro-econometric evidence for such asymmetry.

Finally, in contemporaneous work, Patterson (2018) argues that contractionary shocks are

amplified when households who are highly exposed to the fall in aggregate income also have



high marginal propensities to consume (MPC), a fact that she documents in the data. My
results complement this empirical finding by providing a structural theory of the amplification
of contractionary shocks, and by exploring its consequences for expansionary shocks, thus

establishing my key result on asymmetric transmission.

The paper proceeds as follows: section 2 describes the economic environment. Section 3 es-
tablishes my main theoretical result on asymmetric output responses, and discusses extensions
and robustness. I estimate key model parameters in section 4, and compare the implied output

response asymmetry to the empirical evidence in section 5. Section 6 concludes.

2 Environment

The economy is populated by a unit mass of households indexed by i € [0, 1]. Each household
has preferences over her infinite sequence of final good consumption {¢;;} and labor supply

hours {n; .} given by

Eq

Z 8"t (ciy, nzt)]

t=1
where § € (0,1) is a time discount factor, E; is an expectations operator conditioned on time ¢
information, and w is strictly increasing and concave in ¢ and strictly decreasing and concave

in n.

If household 7 works for n; ; hours, she supplies 8; ;n; ¢ units of effective labor, where 6; ; is her
labor productivity and is subject to idiosyncratic shocks, as described below. Effective labor
earns the nominal wage P,w; where P; is the nominal price of the final consumption good,
and w; is the real wage. In addition to wage income, household i receives a fixed share s; of

dividends from intermediate goods firms d; measured in consumption units.?

When households have heterogeneous dividend shares and labor productivities, their incomes
are heterogeneously sensitive to changes in aggregate income. For example, if total wage
income increases more than total dividend income, households with higher labor productivities
will benefit more than households with higher dividend shares. In order to smooth these
heterogeneous exposures to aggregate income fluctuations and to insure against idiosyncratic
income shocks, I assume that households can trade a nominal, risk-less one period bond b; 4,

that earns the real rate r; given by

1+ Lt—1
1=t
k 1+ Uy
where ¢; is the nominal interest rate, and m = % is inflation. All households begin with

zero assets, b; o = 0 for all 1.

In this economy, households face income risk due to idiosyncratic and aggregate shocks. With-

out additional restrictions on the structure of financial markets, households could achieve large

2Interpreting s; as a household’s equity holdings, I assume that trading equity is sufficiently costly so that
households do not trade at business cycle frequencies in response to aggregate shocks.



amounts of self-insurance against these shocks using only the 1 period bond (Krusell and Smith,
1998). Therefore, I follow the literature on incomplete markets and heterogeneous households

and assume that households are subject to ad hoc borrowing constraints,
bi,t Z _bi,t

where b; , > 0 for all 4,¢. The fact that the constraint may depend on time and the identity
of each household captures, in reduced form, the fact that different households may face
borrowing frictions of varying severity at different points in time. For example, higher income
households are likely to face less stringent restrictions on their borrowing capacity than lower

income households.

In sum, and taking all prices and dividends as given, household 7 solves

max [ [Z 61y (cit, nzt)]

{ci,t:nie,bit}, P

subject to

Cit + iy = wibi i + sidy + (1 +174) big—1

bi,t > _bi,t
bi,(] =0
0i0=0;

A representative competitive final good firm packages the unit mass of intermediate goods

indexed by j € [0, 1], using the CES production function

1 D1 ST
vie ([ )% )
0

where ®; > 1 is the elasticity of substitution across intermediate inputs, and is subject to

aggregate shocks. Taking the price of each input and the price of the final good as given, the

firm solves

1 o1\ T 1
max P ( /0 5 )5 dj) - /0 P () v () di

{v}

Optimization yields a demand function for each intermediate good

wii = (22) "y

and a nominal price index
1

1 -3,
P = ( / pr ()1 dj)
0
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Each intermediate good j is produced by a monopolistically competitive firm employing effec-

tive labor Fy (j) in the production function

Yyt (3) = AcEr (5)

where A; is aggregate TFP and is also subject to aggregate shocks. Each firm faces its own
demand curve, and chooses its path of prices to maximize profits subject to quadratic price

adjustment costs (Rotemberg, 1982):

- t—1 . N Pow . _g pt (4) _ 2
Igngl ;5 (pt(y)yt(J) Py By (5) = 5 <pt_1 G 1> Pth>
subject to .
_ [Pt Y
ye (4) = < 2 ) Y
ye () = AcEy (5)
po(j) = Po

where, for simplicity, I assume that firms discount future profits using the discount factor
of households.? T focus on the symmetric equilibrium in which p; (j) = P, u: (j) = Y3, and
E;(j) = E; for all j € [0,1]. In this case, the aggregate dividend in period ¢ is given by

wy &P,
t t< At 27rt)

A monetary authority sets the nominal interest rate on the asset according to the Taylor rule

1 Y d)y
Lo =5 (L+m)™ (Y’;> et

where ¢ > 1, ¢, > 0, v; is a monetary policy shock, and YT is some fixed target level of

aggregate income (output).?

In each period, the labor, final good, and bond market must clear:

1
E; :/ 0;.4m; ¢ di
0

1 P
/ cidi =Y; (1 — 5%3)
0 2
1
/ bidi =0
0

Households are subject to idiosyncratic shocks to their labor productivity. Specifically, labor

3This assumption is innocuous for my theoretical results since I approximate around equilibria in which the
true stochastic discount factor is constant.
4Throughout the paper, I refer to output and aggregate income interchangeably.



productivity for household i follows the AR(1) process

log 0+ = pologbit—1+ (1 — pp)logb; + €y

where pg € (0,1) and €;; is an i.i.d. random variable with mean zero and variance o2.

Aggregate shocks affect aggregate TFP, the elasticity of substitution among intermediate in-
puts (the source of so called “cost-push” shocks), and the innovations to monetary policy, all

of which evolve as AR(1) processes,
log Ay = palog Ay—1 + (1 — py) log A + €}
log ®; = pelog ©4—1 + (1 — po) log @ + €

— v
Ut = PpUt—1 + €

where pq, pa, py € (0,1), and {eta, e ef}t are i.i.d. random variables, each with mean zero and
variance ¥2. Due to their effects on inflation, and following the New Keynesian convention, I

refer to € < 0 as a positive cost-push shock and € > 0 as a negative cost-push shock.’

Competitive Equilibrium

Definition 1. Given initial conditions {{51,0,91,0},-,130}, a competitive equilibrium is a se-

quence {{ci7t,ni,t,bi7t}i’t Ay (j)}ji,Pt,dt,wt,Lt . such that

L. {cit,nig, bit},; , solve the household problem for each i.

\V)

- {yt (j)},,; solve the final good firms’ problem.

w

. {P}, solve the intermediate goods firms’ problem.

W

. {d:}, satisfies the dividend equation.

ot

. {u}, satisfies the Taylor rule.

6. Markets clear at every time ¢ > 1.

3 Asymmetric Transmission of Aggregate Shocks

In this section, I obtain analytical results regarding the responses of output to aggregate
shocks. I begin with the case of monetary policy shocks, and then discuss the extension to
cost-push and TFP shocks. I also discuss inflation responses, and generalizations of the result

to the inclusion of idiosyncratic risk, and heterogeneous preferences.

SIntuitively, ef > 0 increases the elasticity of demand faced by each monopolist producer, and hence causes
firms to lower their prices.



3.1 Asymmetric Output Responses to Monetary Policy Shocks

In order to achieve tractability, I simplify the model economy in various dimensions.
Assumption 1. Let
Pa; Po; o =0
X =0
l1-0o
nlte
(C ) )

1—0c

u(e,n) =
g.=10

biy — 0 Vit

The first two conditions restrict aggregate stochastic parameters to be i.i.d. over time, and to

have “small” variances so that local approximation techniques are valid.

The next two conditions restrict aspects of the household problem. The Greenwood et al.
(1988) (GHH) specification of utility is common in the business cycle literature, and is tractable
since it sets income effects on labor supply to zero. The forth condition sets idiosyncratic risk

to zero so that 6;; = 6; for all 7 and ¢. I relax this restriction in section 3.4.

The final condition restricts trading in the asset market, and should be interpreted as follows:
as the {bi,t} parameters approach zero, the sizes of the asset positions taken by households
who would borrow in response to a shock get closer to zero due to the binding borrowing
constraint. Since the asset is in zero net supply, in general equilibrium, the asset positions of
saving households must also get closer to zero. Therefore, the household budget constraint
implies that, as the {b@t} parameters approach zero, the equilibrium consumption choices of
a household become well approximated by her income choices. I study the equilibrium under

this approximation.

Importantly, this condition is not the same as imposing autarky. Instead, the limit condition
implies that households can take arbitrarily small positions in the asset in equilibrium. This
then requires that prices and quantities adjust in equilibrium so that the asset market clears.
In particular, the adjustment must be such that households who save in equilibrium optimally
choose a vanishingly small asset position that offsets the vanishingly small positions taken
by borrowing-constrained households. Therefore, this assumption buys tractability without

losing the key transmission mechanism from interest rates to savings choices.%

Deterministic Competitive Equilibrium Under assumption 1, I can define a determin-

istic competitive equilibrium as a competitive equilibrium when all aggregate shocks are set to

SWerning (2015) uses a similar assumption to analyze how the cyclicality of idiosyncratic risk affects the
power of forward guidance.



zero in all periods. In this equilibrium, inflation is always zero, aggregate prices and quantities
are constant, and all household choices of consumption, labor supply, and asset positions are

fixed over time since they do not face any risk.

Definition 2. Suppose that assumption 1 holds, and assume that there are no aggregate
shocks. Then, given initial conditions {{bi,o, 0i0}; ,PO}, a deterministic competitive equilib-

rium is a sequence {{cz-,ni, bi}, {y (j)}j ,P,d,w, L} such that
1. {ci,n4, bi}; solve the household problem for each 1.
2. {y (j)}j solve the final good firms’ problem.
3. P = Py solves the intermediate goods firms’ problem.

4. d satisfies the dividend equation.

5. Markets clear at every time t > 1.

I consider the dynamics of the economy in response to aggregate shocks around this deter-

7 Formally, the following lemma condenses the economy’s

ministic competitive equilibrium.
equilibrium dynamics to a set of necessary and sufficient conditions expressed as log devia-
tions around the deterministic competitive equilibrium, where I use z; = log x; —log x to denote

such a deviation. The proofs of this and all other results are contained in the appendix.

Lemma 1. Under assumption 1, the economy’s first order equilibrium dynamics in response

to monetary policy shocks satisfy the system

L= p+ Oxp + Oy + €f

d—1
gp

. 2 2 1
min {Et [Ci,tJrl} - Ci,t} = (et — E¢ [me 1] — p)

T = Ot + Oy [mi11]

2 o Y ~ .
Cip = B0 V1

where p = —logd, {ﬁf}Z depend only on model primitives, and ¢ is consumption net of the
nlte
1+p -

disutility of labor supply, ¢ = ¢ —

o= > 1 and ¢, > 0 are sufficient to ensure that the system has a unique steady state, g; = 0,

T =0, ¢y =0 Vi.

The first two equations of lemma 1 are standard features of New Keynesian models. The first
equation is the Taylor rule for the nominal interest rate where the target level of output Y7

is set to the level in the deterministic competitive equilibrium. The second equation is the

"In deterministic economies with heterogeneous households, the wealth distribution may be indeterminate
(Sorger, 2000). However, my restriction that b; ; — 0 imposes that all households hold zero assets in all periods,
thus breaking the indeterminacy, and ensuring uniqueness of the deterministic competitive equilibrium.

10



New Keynesian Phillips Curve (NKPC) linking inflation, and output. Intuitively, if output
is higher today holding, firms face higher marginal costs of labor ceteris paribus, and so will

optimally choose to raise their prices, leading to inflation.

The third equation captures the effect of binding borrowing constraints on the equilibrium. I
emphasize that this equation does not require the no-borrowing limit restriction in assumption
1. It only requires that the borrowing constraints bind for some positive measure of households

in each period.

In the presence of binding borrowing constraints, only households with the strongest incentive
to save are unconstrained in equilibrium, and respond to interest rate changes on the margin.
All other households are borrowing-constrained and are unresponsive to marginal interest rate

changes. This logic is captured by the equation

. 2 2 1
min {Et [Ci,tJrl} - Ci,t} = (e — B¢ [m41] — p)

which states that only the Euler equations of households with the lowest consumption growth
(i.e. households who save on the margin in equilibrium) hold with equality.® I refer to these

households as savers.?

In order to simplify the exposition, I invoke the restriction of i.i.d. monetary policy shocks
in assumption 1. This restriction implies that E; |:éi,t+1] = 0 for all 7, and that shocks only

affect contemporaneous consumption. I extend the analysis to persistent shocks in section 4.

Given this, the Euler equation for unconstrained saver households has the usual interpretation:
a 1% increase in the real interest rate translates into a %% decrease in the current consumption
of saver households, where 1 is the elasticity of intertemporal substitution (EIS). Note that

the consumption response of savers is symmetric in the sign of the interest rate change.

Borrowing-constrained households, however, necessarily respond asymmetrically to positive
and negative interest rate changes. In response to a 1% interest rate hike, borrowing-constrained
households must experience a drop in current consumption of more than %%. If not, they
would not want to borrow on the margin to reduce their drop in consumption towards the

unconstrained response of %%.

Conversely, in response to an interest rate cut, borrowing-constrained households must experi-
ence an increase in current consumption of less than %%. If not, they would not want to borrow
on the margin to increase their equilibrium current consumption towards the unconstrained

1
response of —%.

Combining the consumption responses of savers and borrowing-constrained households implies

that on average, households decrease their current consumption by more than %% in response

81 refer to & as “consumption” instead of “consumption net of the disutility of labor supply” for ease of
exposition. This slight abuse of definitions does not affect the intuition for any of the results.

“Note that the solution to the min operator need not be unique. Multiple households i € [0,1] may be
unconstrained in period t. Since all of these households will choose the same expected consumption growth in

equilibrium, I only need to know the growth for a single i* € arg min; {Et [émﬂ} — é”}

11



to a 1% interest rate hike, but increase it by less than %% in response to a 1% interest rate
cut. This suggests that, in equilibrium, output must respond more to contractionary monetary

policy shocks than to expansionary monetary policy shocks.

In order to pin down this output response asymmetry, the forth equation maps the heteroge-
neous sensitivities of household income to changes in output into heterogeneous sensitivities

of household consumption to changes in output
Cig = B Vi

where the sensitivity coefficients {3Y} measure the per cent change in household ’s consump-
tion for a 1% change in output in equilibrium. Intuitively, the pattern of {3/} depends on the
underlying heterogeneity in income sensitivities, and the tightness of the borrowing constraints
that restrict asset trading in equilibrium. For example, in the absence of any asset trading
frictions, households would fully insulate their consumption from their heterogeneous income

sensitivities, and 5/ would be fixed across i.

Under assumption 1 however, the no-borrowing limit restriction implies the other extreme: a
household’s consumption inherits the sensitivity of her income to changes in output. Hetero-
geneity in consumption sensitivities therefore reflects heterogeneity in the underlying income

sensitivities.

There are two sources of heterogeneity in the household income sensitivities, which are most

clearly seen using the explicit expression for 3! given by

1te
10,7 (1 %1
y P35 © +31(<I> 90?)
/Bi - 1+¢
o $-16;° 1
s o o T5i3

1te
where © = fol 6, di. First, when output increases, households with higher labor productiv-

ities receive more of the corresponding increase in wage income, so that 3¢ is increasing in
0;. Second, since TFP is fixed in the case of monetary policy shocks, higher wages cause the

dividend share of aggregate income to decline, so that 57 is decreasing in s;.

It is simple to show that 8! > 0 when the labor productivity effect dominates the dividend

effect on household income and hence consumption,

Ite

0.° 1
V>0 = Lt —>s5|1-—x
g e S( go(@—l))

Anticipating the empirical results, which find positive consumption sensitivities for all 7, I

assume that this condition holds for all 4 from now on.

Given the consumption response of saver households i = S, the equilibrium output response

12



must mechanically satisfy
Csyt

~ 8y

Hence, if % is different for contractionary and expansionary shocks, then the equilibrium

Yt

path of output will be shock-dependent, and asymmetric, as demonstrated by the following

example.

A Numerical Example Let there be two household types, ¢ € {1,2}, and assume that
prices are fixed, £ — 400, so that the central bank directly controls the real interest rate.
Suppose that ¢, = 0, and % = 1, and assume that group 1 households’ consumption is more

sensitive to changes in output than group 2 households’ consumption, 8} = 2, and 3 = 0.5.10

Given real interest rate shocks of €] = +1%, the responses of output are found by solving the

. 2 1.,
minq —Cj¢p = —€
% o

Cit = B4, Vi

System

where I have used E; |:é7j’t+1:| = 0 because the interest rate shock is i.i.d. over time.

When the real interest rate increases by 1%, saver households reduce their consumption by
1% because % = 1. Since all other households are borrowing-constrained, their equilibrium
reductions in consumption are greater than 1%. Hence, the equilibrium reduction in output

must be greater than 1%.

Specifically, given output falls in equilibrium, group 2 households must be the savers since

they experience the smallest drop in current consumption and therefore have the lowest ex-

pected consumption growth. Hence, é2; = —1%. Inverting the sensitivity equation for group
2 houscholds, ¢éa¢ = 0.5§;, implies that §; = _OZO = —2%, so that output falls by 2% in
equilibrium.

When the real interest rate decreases by 1%, saver households increase their consumption
by 1%. Since all other households are borrowing-constrained, their equilibrium increase in

consumption is less than 1%. Hence, the equilibrium increase in output must be less than 1%.

Specifically, given output rises in equilibrium, group 1 households must be the savers since
they experience the largest increase in current consumption and therefore have the lowest
expected consumption growth. Hence, ¢, = 1%. Inverting the sensitivity equation for group

1 households, ¢+ = 29, implies that g = 0.5% so that output increases by 0.5% in equilibrium.

Therefore, output responds more to contractionary monetary policy shocks than to expansion-
ary monetary policy shocks. Furthermore, because the saver households always adjust their

consumption growth by 1% in equilibrium, the ratio of the contractionary response to the

10Technically, the steady state of the system is no longer unique when £? — 400 and ¢, = 0. However, I
abstract from this complication for the purposes of this example.

13



expansionary response coincides with the ratio of consumption sensitivity coefficients. I come

back to this connection in section 4.
In general, we have the following closed-form representation of the asymmetric output re-
sponses to monetary policy shocks.

Proposition 1. Under assumption 1, the first order equilibrium dynamics of output in re-

sponse to monetary policy shocks are given by

1 1 v . v
~ i @551@+l¢y ~€} if e >0

&
I

1 1 v . v
—= == =€ if el <0
B—&-}T b qul go—&-é oy 7 t t

where

B> B implies that output responds more to positive (contractionary) monetary policy shocks
than to negative (expansionary) monetary policy shocks of equal magnitude. In other words,

output responds asymmetrically to monetary policy shocks.!

In response to an expansionary monetary policy shock, interest rates fall, and saver house-
holds increase their current consumption. By virtue of being borrowing-constrained in equi-
librium, all other households must increase their consumption by less than savers. Therefore,
the equilibrium increase in output is smaller than the consumption response of savers alone.
Equivalently, saver households’ consumption increase is the most sensitive to the increase in
output in equilibrium, as captured by the forth equation of the lemma, evaluated for the saver
household ¢ = 5,

éS,t = Bz?t, B = m?X {Bf}

In response to a contractionary monetary policy shock, saver households decrease their current
consumption. By virtue of being borrowing-constrained in equilibrium, all other households
must experience a larger decrease in their consumption than savers do. Therefore, the equilib-
rium decrease in output is larger than the consumption response of savers alone. Equivalently,

saver households’ consumption is the least sensitive to changes in output in equilibrium,

éS,t =By, B= miin {87}

"The equilibrium dynamics exist as long as B+ %qzﬁﬁ i;l w+ %qby > 0, which is implied by 87 > 0 for all i.
If this condition fails, then there does not exist an equilibrium output response to a contractionary monetary
policy shock, €/ > 0, of the piece-wise linear form presented in proposition 1. However, given 3, parameters
¢ér, ¢y, and &P can always be chosen to ensure that the condition holds.
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Since the size of the consumption response of savers is the same for both positive and negative
equilibrium real interest rate changes, output must respond more to contractionary monetary

policy shocks than to expansionary monetary policy shocks.

For completeness, I note that in the knife-edge case of 5 = 3, there is no asymmetry. In this
case, all households’ incomes are equally sensitive to changes in aggregate income so that there
is no incentive for households to trade the asset in response to an aggregate shock. Therefore,
borrowing constraints do not play a role in determining the equilibrium response of output to

monetary policy shocks.

3.2 Other Aggregate Shocks

It is simple to derive the equivalent of proposition 1 for the cases of cost-push shocks and TFP
shocks. In both cases, the same asymmetry emerges: output responds more to shocks that
increase interest rates and lower output, and less to shocks that decrease interest rates and
increase output. I briefly sketch the intuition below. Full details of the analysis are in the

appendix.

The asymmetry of cost-push shocks follows from the fact that a positive cost-push shock
creates inflation which causes interest rates to rise via the Taylor rule, while a negative cost-
push shock causes interest rates to fall. These interest rate movements then initiate the same
mechanism as above, causing output to respond more to the contractionary movement than

to the expansionary movement.

Similarly, a positive TFP shock causes deflation and hence lower interest rates, while a neg-
ative TFP shock creates inflation and higher interest rates. Therefore, the same mechanism
implies that output will respond more to negative (contractionary) TFP shocks than to positive

(expansionary) TFP shocks.

3.3 Inflation Responses

Solving the system of equations in lemma 1 yields equilibrium responses of both output and
inflation. In contrast to output, the direction of the asymmetry of inflation is shock-dependent.

I outline the key economic mechanisms below, and relegate the derivations to the appendix.

In the case of monetary policy shocks, inflation inherits the asymmetry of output. This occurs
because the response of inflation is entirely determined by the response of output via the logic
of the NKPC: higher output implies higher marginal costs which causes firms to increase their
prices, thus raising inflation. Therefore, inflation moves in the same direction as output in
response to monetary shocks. Since output responds more to contractionary monetary shocks

than to expansionary shocks, inflation inherits this asymmetry.

In the cases of cost-push and TFP shocks, the asymmetry of the inflation response is the

opposite to that of output: inflation responds more to shocks that increase output. This occurs
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because the responses of inflation are determined by two forces. First, the movement of output
affects inflation via the NKPC as in the monetary shock case. Second, both cost-push and TFP
shocks directly affect firms’ marginal costs and so directly affect inflation (positive cost-push
shocks increase marginal costs and inflation, while positive TFP shocks lower marginal costs
and inflation). Crucially, this effect pushes inflation in the opposite direction to the movement
of output such that the first effect offsets the second. The strength of this offsetting force
inherits the asymmetry of output’s responses to both types of shock so that inflation responds
more overall when output responds less and the offsetting force is weaker. Therefore inflation

responds with the opposite asymmetry to output.

3.4 Idiosyncratic Shocks

It is straightforward to extend the analysis of this section to the case in which idiosyncratic risk
is “small”, so that o. — 0. In this case, the asymmetry of output responses to monetary policy
shocks depends on the persistence of idiosyncratic shocks. In particular, when uninsurable
idiosyncratic shocks are very persistence (pg — 1), the output response asymmetry is the
same as in the case without idiosyncratic risk, so that proposition 1 still applies. I outline the

key economic mechanisms below, and relegate the derivations to the appendix.

In the presence of idiosyncratic risk, there is an additional channel through which households
can have low consumption growth, and hence be savers in equilibrium. When a household
expects to experience a drop in her idiosyncratic labor productivity, her consumption growth
will be low to the extent that the drop in labor productivity is uninsurable and hence transmits
to her consumption. Importantly, this novel channel is independent of aggregate shocks hitting

the economy, and so cannot be a source of asymmetry.

However, when the process for uninsurable labor productivity shocks is very persistent (pg —
1), households expect their labor productivity to remain approximately constant across con-
secutive periods. This renders the novel savings channel inactive. As a result, savings choices
are entirely determined by household income sensitivities to changes in output. Therefore, the
responses of output to monetary policy shocks are identical to the economy without idiosyn-

cratic risk.

The empirical evidence suggests that the process for idiosyncratic shocks to labor income has a
very persistent component, so that pg — 1 is a good approximation to reality (see, for example,
Storesletten et al. (2004) and Guvenen et al. (2016)). Furthermore, related evidence suggests
that households are very well insured against shocks to the transitory component (Blundell
et al. (2008) and Heathcote et al. (2014)), so that these shocks do not affect consumption

growth computations.

In order to obtain analytical insights, I assume that the idiosyncratic risk is “small” so that
first order approximations are valid. This approach rules out second order phenomena, such
as the cyclicality of idiosyncratic income risk, that may also effect the responses of output to

monetary policy shocks (and other aggregate shocks). These effects are the focus of Werning
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(2015) and Acharya and Dogra (2018), who show how the cyclicality of idiosyncratic income
risk affects the size of the output responses to both positive and negative monetary policy
shocks. Importantly, this effect is symmetric in the sign of the shock, and so does not affect

the asymmetry that I am interested in.

3.5 Heterogeneous Preferences

In my benchmark model, I follow the New Keynesian literature and assume that households
have homogeneous EISs given by %.12 However, the asset pricing literature has suggested
that heterogeneous EISs may help to reconcile macroeconomic models and asset pricing facts
(Guvenen, 2009), and have empirical grounding (Vissing-Jorgensen (2002), Guvenen (2006)).
In the case of heterogeneous EISs, the asymmetry still emerges, but for different reasons. I

outline the key mechanism below, and relegate the derivations to the appendix.

When households have heterogeneous EISs, their consumption responses to changes in the
real interest rate are heterogeneous. In equilibrium, these different consumption responses
occur via asset trading. For example, in response to a contractionary monetary policy shock,

households with larger EISs will save, lending to households with smaller EISs in equilibrium.

However, binding borrowing constraints limit the asset trading that occurs in equilibrium and
causes output to respond asymmetrically. Consider a contractionary shock. When the real
interest rate falls, households try to decrease their consumption by an amount dictated by
their EIS. However, households with small EISs become borrowing-constrained in equilibrium
and so experience larger consumption drops than they would in the absence of the constraint.

Therefore, the overall equilibrium decrease in output is amplified.

When interest rates rise after an expansionary shock, households increase their consump-
tion. In this case, households with large EISs become borrowing-constrained in equilibrium,
and so experience smaller consumption increases then they would were they not constrained.
Therefore, the overall equilibrium increase in output is dampened, thus creating asymmetric

responses of output to monetary policy shocks.

4 Numerical Exercise

In this section, I quantitatively assess the asymmetry of output responses to monetary policy
shocks. I first use my theoretical insights to highlight the key parameters that I need to

measure to quantify the asymmetry, and then turn to parameter estimation.

My estimates of the highest and lowest sensitivities of household consumption to changes in
output imply that the output response to a contractionary monetary policy shock is two and
a half times the size of the response to an expansionary shock of the same magnitude. This

result compares favorably to the macro-econometric evidence for asymmetry in section 5.

?Technically, < is the EIS for “net consumption” when preferences are of the GHH form. However, abstract-
ing from this complication does not affect the intuition.
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4.1 Sufficient Statistics for Output Response Asymmetry

The theoretical analysis has shown that output response asymmetry arises in equilibrium when
two conditions hold: some households are borrowing-constrained, and households have het-
erogeneous consumption sensitivities to changes in output in equilibrium. While proposition
1 was derived under assumption 1, the intuition suggests that such stringent restrictions are

not necessary to generate output response asymmetry more generally.

In this section, I consider a system of equations that is motivated by the system in lemma 1, but
does not have such a restrictive structural interpretation attached to it. In particular, rather
than deriving the sensitivities of household consumption to changes in output from primitives
using strong structural assumptions, I specify the sensitivities as reduced-form parameters
that have a similar interpretation to their structural counterparts, but are estimable using

micro data on household consumption.

Let S be the system
L= p+ GaTp + Pyl + vy

Tt = KyUt + Oy [mp 1]
. N R 1
min By [& 1] = G} = O [Te1] — p)
G =B Vi

that describes the equilibrium dynamics of output g, inflation m;, nominal interest rates ¢,

and household consumption ¢; ¢, in response to monetary policy shocks v;.

Even in the absence of an underlying structural model, the first three equations in system
S have clear interpretations as a Taylor rule, NKPC, and Euler equation in the presence of

binding borrowing constraints.

Furthermore, it is straightforward to interpret the ;" parameters as mapping heterogeneous
sensitivities of household income to changes in output into heterogeneous sensitivities of house-
hold consumption to changes in output via asset market trading. For example, if 5" is fixed
for all 7, then households would be fully sharing the incidence of aggregate shocks, which
would indicate that income sensitivities are homogeneous or that borrowing constraints are
slack. As the 37" parameters become more heterogeneous, it is reasonable to interpret this as
evidence for a combination of heterogeneous income sensitivities and restricted asset market
trading caused by binding borrowing constraints. In this sense, the {3;""} coefficients are the

theoretical analogs of the {5Y} coefficients when the no-borrowing restriction is relaxed.!?

In the empirically relevant case of persistent monetary policy shocks (Gertler and Karadi
(2015) and Christiano et al. (2005)), the inherent non-linearity of system S prevents me from

studying the full equilibrium dynamics. Therefore, I instead derive the responses of output to

131 assume the consumption sensitivities are fixed over time for each household. While this is a reduced-form
assumption, it is consistent with the subsequent empirical strategy since the micro data on consumption are
not rich enough to permit credible estimation of time-varying sensitivities.
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one-time, zero probability (“MIT”) monetary policy shocks of the form v; = p!~lv1, where v;
is the zero-probability monetary policy shock, and p, € (0,1) is a persistence parameter. This
approach is tractable since once the shock hits, the economy transitions deterministically back

to the steady state of the system.

Proposition 2. In system S, the response of output to a one time, zero probability monetary
policy shock vi with persistence p,, is given by
1

1 t—1 :
T e 2t Lo 1 >0

<
S
Il

1 1 t—1 ;
— = 7 = v 1 v1 <0
(1_Pv)ﬁc‘v+%(¢7r—ﬁv) 1_3pv+%¢y oPu ! f !

where

éc,v — Hllln {,Bf’v}
Bc,v — m?x {Blc,v}

As in the case of i.i.d shocks, output responds more to the contractionary monetary policy
shock than to the expansionary shock. Appealing to the structural interpretation of the system
yields the same intuition as before: when v; > 0, the decrease in savers’ consumption is the
smallest among all households, so that output falls a lot. When v; < 0, the increase in savers’

consumption is the largest among all households so that output increases a little.

In order to assess the quantitative magnitude of the output response asymmetry, I define the

ratio of the contractionary response to the expansionary response,

(1 - pv) ch,v +
(1= py) 87" +

(Or — pv) 1f§’pv + %Qby

R = K
(Or — pv) 1_5ypv + %Qﬁy

al—|ql—

The key parameters for quantifying the asymmetry are 5¥ and 3%, which measure the
highest and lowest equilibrium sensitivities of household consumption to changes in output.

In particular, when % (¢ — po) 1576%71 + %qﬁy =0,R= gi—i

The parameters %Y and B4 are “sufficient statistics” for computing the output response
asymmetry (Chetty, 2009).1* In other words, to compute R, I only need to know the values of
B4 and B%", and do not need quantitative information on the underlying structural mechanism
that generates them. In my setting, this means that I do not need to know quantitative
details concerning borrowing constraints or the heterogeneity of income sensitivities. This
is convenient because I can estimate 3" and B4 directly using micro data on household

consumption, and then plug these estimates into R to immediately quantify the asymmetry.

HMSufficient statistics approaches have recently become popular in macroeconomics. See, for example, Auclert
and Rognlie (2017).
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4.2 Parameter Estimation

In principle, estimates for 5% and B%"Y can be recovered using data on household consumption
and output. Formally, let {c;;},, and {Y;}, be data on household consumption and output

respectively, and consider the linear regression

Alogci = a; + B;Alog Yy + u;¢

where {u;;} are idiosyncratic shocks uncorrelated with changes in output, and running the
regression in growth rates rather than in levels controls for long run growth trends in household

consumption and output.

As it stands, this specification has two issues: shock conditioning, and data feasibility.

Shock Conditioning In order to measure the sensitivities of household consumption to
changes in output driven by monetary policy shocks, the variation in A logY; must be due to
monetary policy shocks only. However, the variation in raw output data is driven by multiple
aggregate shocks hitting the economy simultaneously in each period. Running the above
regression would therefore result in estimates of {;} that measure the sensitivity of household
consumption to changes in output driven by multiple shocks, and would not correspond to the

theoretical parameters {3;""}.

In order to alleviate this issue, I first project the output data onto a set of identified, lagged

monetary policy shocks (described in more detail below), Z; = (65717 ey € L),
AlogY, = ay + Ziy + ¢
so that the fitted values {A 16g Y}} capture the variation in A log Y; driven by monetary policy

shocks only.!®

Then, using these fitted values, I estimate the regression

A log Cit = Qj + GiA lc;g Y: + Uit
which correctly identifies 3; as the sensitivity of household consumption to changes in output
driven by monetary policy shocks only. Given these estimates {BZ}, the key asymmetry
parameters are estimated as /¢ = max; { BZ} and %" = min; { ﬂAZ}

Intuitively, this process amounts to Two-Stage-Least-Squares (2SLS) estimation, where the
first stage extracts the variation in AlogY; due to monetary policy shocks only, and the

second stage estimates the household sensitivity parameters using this variation alone.

5My theoretical results suggest that AlogY; should depend non-linearly on the history of monetary policy
shocks. However, for the purposes of extracting the variation in AlogY; driven by monetary policy shocks, I
abstract from this complication. I investigate non-linear responses in section 5.
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Household Consumption Data There do not exist data that contain precise measures of
consumption at the household level and business cycle frequency. The Consumer Expenditure
Survey (CEX) is the closest substitute, but is known to have measurement error problems

(Aguiar and Bils, 2015), and only features the same household for four consecutive quarters.

In order to alleviate these issues, I group households together within the CEX data and esti-
mate pooled OLS regressions instead. This approach helps to mitigate the effects of measure-
ment error in the cross-section, and creates longer synthetic panels in the time series dimension.
Similar methods are common among analyses that use CEX data to analyze trends and fluc-
tuations in household consumption (see, for example, Parker and Vissing-Jorgensen (2009),
Primiceri and van Rens (2009), and De Giorgi and Gambetti (2017)).

The choice of grouping naturally affects the estimates obtained from running regressions at
the group level. Formally, let G be a surjective function that maps household 7 in period ¢,
i.e. the household-period tuple (i,t), into a finite set of groups {1,2,...,G}. G represents an
arbitrary group formation process, and nests fixed group assignment as a special case, G (i, )
fixed for all ¢.

Given a choice of G function, consider the pooled OLS regression for a group g € {1,2,...,G},
Alogc;t = ag + A 1(;g Yi+eis

where the pooling occurs over the set {(i,t): G (i,t) = g} of household-periods assigned to
group g. Estimating this regression for each group implies that the key parameters for quan-

tifying the asymmetry can be estimated as 5% = maxg {Bg} and 3“" = min, {Bg}.

When the G function assigns each household ¢ to a fixed group over time, the implied asymme-
try parameters will always be weakly bounded by the true asymmetry parameters max; {; }
and min; {5;}. Therefore, pooled OLS using fixed group assignments will always weakly un-

derestimate the true asymmetry.

Proposition 3. Suppose the model for household consumption growth is given by
Alogeit = a; + i A log Y; + Uit

If G does not depend on t for all i, then the asymmetry parameters implied by the pooled OLS
regressions
Alogc;t = ag + BgA l(;g Yi+eis

are weakly bounded by max; {3;} and min{f;}, i.e.
m;ix {plim’TaooBg} < mzax {Bz}

min { plz‘mT%oBg} > min {f;}
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Intuitively, when group assignments are fixed over time, the estimated consumption exposure
of a group ¢ is a convex combination of the consumption exposures of each household in that
group. Therefore, each group’s consumption exposure is weakly smaller than the largest house-
hold exposure, and weakly larger than the smallest household exposure. This immediately says
that the asymmetry implied by the estimates must be bounded by the true asymmetry at the

household level.

When G assigns households to different groups over time, it is difficult to say whether the
implied asymmetry from pooled OLS over- or underestimates the true asymmetry. As an
extreme example, suppose that 3; = 1 for all ¢ (so that the true asymmetry is nil) and consider
the following assignment process for a fixed group g. When Alc;th > 0, assign households
with the highest consumption growths to group g. When A l(;g Y; < 0, assign households with
the lowest consumption growths to group g. Such a process will result in an estimate of Bg much
larger than 1, due to the selection bias created by the assignment mechanism’s dependence on
idiosyncratic shocks, and will therefore overestimate the true asymmetry. Furthermore, the

opposite assignment process will clearly result in an underestimate of the true asymmetry.

In light of this discussion, I choose as a benchmark, an assignment mechanism that is fixed over
time, so that the estimated asymmetry is known to be a lower bound on the true asymmetry
(in the limit 7" — o0). In practice, this amount to defining groups based on household

characteristics that are fixed in the sample of households that I observe.

4.3 Data

Monetary Policy Shocks In order to extract the variation in A logY; driven by monetary
policy shocks, I follow Coibon et al. (2017), who use the methods introduced by Romer and
Romer (2004) to identify innovations to monetary policy that are orthogonal to economic

conditions. Formally, the authors run the regression
AFFR; = 2T +¢€)

where AF F'R; is the change in the federal funds rate from period t — 1 to ¢, and x; is a vector
of controls that contains forecasts of GDP growth, inflation, and the unemployment rate
taken from the Greenbooks at each Federal Open Market Committee meeting. The residuals
from this regression, {€}}, are then taken as the series of monetary policy shocks, with the

interpretation that €/ > 0 is a contractionary shock, and €} < 0 is an expansionary shock.

Using this method, Coibon et al. (2017) generate a series of monetary policy shocks at monthly
and quarterly frequencies from 1969 to 2008, which I plot in figure 1. The shocks are evenly
spread over positive and negative values, and are very volatile during the Volcker disinflation

period in the early 1980s.
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Figure 1: Identified Monetary Policy Shocks from Coibon et al. (2017). The authors run the
regression AFFR = z;y+ ¢ where AFFR; is the change in the federal funds rate from period
t —1 to t, and x¢ is a vector of controls that contains forecasts of GDP growth, inflation, and
the unemployment rate taken from the Greenbooks at each Federal Open Market Committee
meeting. The residuals from this regression, {& }, are then taken as the series of monetary
policy shocks, with the t interpretation that € > 0 is a contractionary shock, and é < 0 is an
expansionary shock.

Consumption and Output Data I use the CEX surveys from 1996 to 2009 to measure
consumption of non-durables and services at the household level. I follow the literature (for
example, Attanasio et al., 2009) and define non-durable and services consumption as total
expenditures on food, services, heating fuel, public and private transport, personal care, and
clothing and footwear.'® I deflate nominal expenditures using the personal consumption ex-
penditure price deflator. I also restrict the sample to urban households, not in student status,
where the household head is of working age (25-64), and only consider households who respond

to all four interview waves.1”

Each household reports their consumption four times at three month intervals. From these
reports, I compute three quarterly growth rates of log consumption for each household. Since
different households are interviewed each month, I have quarterly growth rates of household

consumption, available at a monthly frequency.

Proposition 3 suggests that grouping households together based on a fixed attribute is a useful
benchmark to estimate a lower bound on the asymmetry coefficients. In the CEX data, the

best candidate for this is the level of education of the household head.'® Over the year long

My results are robust to variations in this definition.

In order to remove consumption variation caused by factors outside of my model, I first regress log real
consumption on a polynomial in age of the household head, family size, and number of children under the age
of eighteen, and use the residuals from this regression as my measures of household consumption.

8The very short panel nature of the CEX data implies that other potential fixed attributes such as permanent
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cycle during which the household reports consumption, the education level of the household
head is fixed and is certainly exogenous to changes in output over the same period. Therefore,
I sort households into five groups based on the education level of the household head: less than

high-school, high-school, some college, full college, and beyond college (advanced degree).

As my measure of output, I use quarterly growth rates of per-capita personal consumption
expenditures of non-durable goods and services (at a monthly frequency), taken from the

NIPA, deflated using the personal consumption expenditure price deflator.

My choice to use growth in per-capita personal consumption expenditures as the right-hand
side variable reflects two considerations. First, the theoretical models I have studied in this
paper have all abstracted from capital investment and government spending, so that aggregate
consumption is the theoretically consistent measure of total output. Second, unlike measures of
GDP, personal consumption expenditures are available at a monthly frequency, which enables

me to exploit all of the variation in the micro-data and to maintain a reasonable sample size.

Empirical Specification For the first stage regression
AlogY: = Zjy + e

I project Alog Y; onto a vector of the ninety six most recent identified monetary policy shocks
Zy = (éffl, s é}/’f%). This allows the effects of monetary policy shocks to persist for up to
eight years, which more than captures the empirically relevant range of persistence of up to
two to three years (Gertler and Karadi (2015) and Christiano et al. (2005)). My results are

robust to variations in the lag length.

All regressions are weighted using the CEX survey weights provided in the data sets.

4.4 Results

Table 1 shows the estimated coefficient Bg for each education group, together with its standard
error, which I cluster at the household level, and total sample size. The estimated coefficients
display a pronounced “U-shape” with respect to education. A 1% increase in the growth of
aggregate consumption caused by monetary policy shocks is associated with a 3.34% increase
in the consumption growth of households with an advanced degree, but a 1.36% increase in

the consumption growth of households with only a high-school diploma.

income are difficult to plausibly compute. Education is of course likely to be correlated with this and other
fixed attributes.
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’ ‘ Less than High-School ‘ High-School ‘ Some College ‘ College ‘ Advanced Degree

3, 1.55 1.36 1.57 2.99 3.34
5.c. 1.22 0.78 0.71 0.77 1.13
n 9,621 21,396 27,025 19,206 11,022

Table 1: Estimated { ﬁg} exposure coefficients across household groups with different educa-

tion levels using monthly data over the period 1996-2008. Standard errors are clustered at the
household level.

These results imply an estimate for the sensitivity ratio of gi—i ~ 2.5. Therefore, the most
sensitive households are approximately two and a half times as sensitive to changes in aggregate

consumption than the least sensitive households.

This finding is in line with previous studies of heterogeneous consumption sensitivities. For
example, Parker and Vissing-Jorgensen (2009) group households in period ¢ by their consump-
tion level in period ¢t — 1, and find a sensitivity ratio of 5. While this estimate is larger than
the lower bound of 2.5, the grouping strategy fails the conditions in proposition 3 so that it

likely yields a biased estimate the true sensitivity ratio.

The “U-shaped” pattern of sensitivities is also consistent with the evidence on heterogeneous
income sensitivities. For example, Guvenen et al. (2017) run a similar regression using worker
level income data and unconditional variation in GDP growth across percentiles of the perma-
nent income distribution, and find a “U-shaped” pattern of sensitivities such that the highest
and lowest permanent income workers are the most sensitive to unconditional changes in GDP
growth (see figure 4). This finding supports the theory that borrowing constraints cause

household consumption to inherit the sensitivity of household income to changes in output.

4.5 Quantitative Assessment

Given estimates for %Y and B%", the other key parameter in R is the slope of the NKPC,
ky. In order to set xy, I appeal to the empirical evidence from the literatures on inflation

forecasting and estimation of the NKPC.

Both of these literatures suggest that x, is very small. The forecasting literature suggests that
ky = 0 is very plausible (Atkeson and Ohanian, 2001), while the estimation literature tends
to find &, around 0.05, but with a decent dose of uncertainty (Schorfheide, 2008). Therefore,

as a convenient benchmark, I set s, = 0.

When k, = 0, the asymmetry ratio is R = 2.5. Therefore, the output response to a contrac-
tionary monetary policy shock is two and a half times as large as the output response to an
expansionary monetary policy shock of equal magnitude. I compare this asymmetry to the

macro evidence for asymmetry in the next section.

For completeness, figure 2 plots R as a function of x, using a standard calibration of the other
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parameters.!? The ratio declines as ky increases, but remains above two throughout the range,

which covers the most plausible values of , away from zero.
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Figure 2: Asymmetry ratio R as a function of x, when p, = 0.6, ¢ = 1.25, ¢, =0, 0 = 1.5,
and § = 0.995.

Intuitively, when output increases after an expansionary shock, x, > 0 implies that inflation
also increases. Higher inflation causes high nominal rates via the Taylor rule, which offsets
some of the initial expansionary shock. The same logic implies that x, > 0 causes deflation to
offset the contractionary shock. Since the initial output response is larger for a contractionary

shock, the offsetting force is larger too, which shrinks the overall asymmetry.

5 Empirical Evidence of Monetary Policy Asymmetry

The micro evidence on heterogeneous consumption sensitivities implies that contractionary
monetary policy shocks are two and a half times more powerful than expansionary monetary
policy shocks. In this section, I show that this result is in line with the macro-econometric
evidence for asymmetric monetary policy transmission. Specifically, I use local projection
methods (Jorda, 2005) to demonstrate that contractionary monetary policy shocks are ap-

proximately four times more powerful than expansionary shocks.?"

197 set p, = 0.6 to reflect the quarterly persistence of monetary policy shocks estimated in the data (Chris-
tiano et al. (2005), Gertler and Karadi (2015)). I set ¢~ = 1.25 and ¢, = 0, which is a commonly used
specification for the Taylor rule, and set i = 0.67 in line with estimates for the EIS (Vissing-Jorgensen, 2002).
Finally, T set § = 0.995, which is consistent with an annual real interest rate of 2%.

20The literature on asymmetric monetary policy goes back to at least Cover (1992) and DeLong and Summers
(1988), who both find contractionary shocks are more powerful than expansionary shocks. More recently,
Angrist et al. (2013), and Barnichon and Matthes (2016), introduce novel methodologies to measure asymmetric
effects, and also find that contractionary monetary policy shocks are more powerful than expansionary shocks.
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5.1 Empirical Specification

I follow Jorda (2005), and estimate the impulse response of output to monetary policy shocks

using local projection methods. Formally, I estimate the specification

L L
yern = o + B max {¢f,0} + 8" min {¢}, 0} + Z ’Y;J,lytfl + Z ’Y?«“FR,ZFFRH + gy,
1=0 =1

for horizons h = 1, ..., H. Here, {y;} is linearly de-trended output (in logs), {¢}} is the series
of identified monetary policy shocks, and {FFR;} is the federal funds rate. The estimated

~ H ~ H
coefficients {ﬁh’Jr}l and {6’1’*}1 are the impulse responses of y to positive and negative

shocks of unit size respectively.

I use quarterly frequency data over the period 1969 - 2008. In order to be consistent with the
micro-data evidence, I use per-capita aggregate consumption of non-durables and services as
my measure of output. I set L = 1, and note that the inclusion of contemporaneous aggregate
consumption as a regressor is consistent with the convention that monetary policy shocks only
affect measures of aggregate demand with a 1 period delay (Christiano et al., 1999). Finally, I
estimate the system of equations over h = 1, ..., H jointly, and compute Driscoll-Kraay (1998)
standard errors that are robust to arbitrary serial and cross-sectional correlation across time

and horizons.

5.2 Results

Figure 3 plots the estimated impulse responses of output to contractionary (positive) and
expansionary (negative) monetary policy shocks of 1% size over fifteen quarters. The dashed
lines are 90% confidence intervals. For ease of comparison, I have multiplied the expansionary
response by -1. Both impulse responses exhibit the “U-shape” that is a common feature of

output responses to monetary policy shocks (Christiano et al., 1999).%!

21Since my simple model does not contain ingredients such as consumption habits or investment frictions that
are typically found in medium-scale DSGE models, it cannot generate the “hump-shaped” impulse responses
found in the data.
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Figure 3: Impulse responses of aggregate consumption (from NIPA) estimated using local
projection methods. The dashed lines are 90% confidence intervals computed using Driscoll-
Kraay standard errors.

The contractionary shock generates a maximum response that is approximately four times
as large as the maximum response to an expansionary shock. The asymmetry is statistically
significant after about one year, by which time the effect of the expansionary shock has started

to died out, but the contractionary shock is still causing further declines in output.

As a simple metric of comparison, I compare the ratio of the maximum responses in the data
to the ratio of responses in the model, R. According to this metric, the asymmetry estimated
in the macro data is reasonably consistent with the asymmetry implied by the micro-data.
The fact that the sensitivity ratio implied by the micro data is a lower bound implies that a
quantitative version of model can explain at least 60% of the asymmetry found in the macro
data, and could plausibly explain much more if we can estimate the true exposure ratio at a

more granular level of household heterogeneity than education.

5.3 Robustness Checks

Here, I show that the asymmetric responses of output to monetary policy shocks are robust to
regression specifications with different lag and control variable structures, sample restrictions
that exclude the Volcker disinflation period, and when I change the dependent variable to
GDP. All figures are in the appendix.

My baseline choice of L = 1 is optimal according to the Bayesian Information Criterion (BIC)
given by
Tlog (RSS/T) + klog T

where RSS is the residual sum of squares from the regressions and 7' is the sample length. I
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also consider the Akaike Information Criterion (AIC), which is given by
Tlog (RSS/T) + 2k

and also suggests an optimal choice of L = 1. Furthermore, figure 5 plots the impulse responses
for L € {2,3,4,5}, and shows that the asymmetry is similar to the baseline specification in all

cases.

The baseline regression includes aggregate demand and the federal funds rate as control vari-
ables. However, most New Keynesian models imply that inflation is also determined as part
of the equilibrium system, and so affects the path of aggregate demand. To this end, figure 6
plots the impulse responses with inflation (measured by the Personal Consumption Expendi-
ture deflator) as an additional control variable that follows the same lag structure as aggregate

demand. The asymmetry is essentially unchanged.

It is well known that the Volcker disinflation period in the early 1980s resulted in volatile
monetary policy, as exhibited by the large shocks in figure 1. While these shocks provide
useful variation in the explanatory variable, it is useful to check that they are not the driving
force behind the result. Therefore, in figure 7 I plot the impulse responses from the baseline
regression having restricted the sample to 1985Q1 onwards, thus dropping the entire Volcker
episode. While the smaller sample results in much wider confidence intervals, the asymmetry
is still clear to see, with contractionary shocks having twice the effect of expansionary shocks.

Note that in this case, the micro evidence can explain all of the asymmetry.

Finally, I run the baseline regression with real GDP as the dependent variable instead of
aggregate consumption. Figure 8 plots the impulse responses, which exhibit similar levels of

asymmetry, although they are slightly more noisily estimated.

6 Conclusion

When output falls in response to a contractionary monetary policy shock, the decrease in con-
sumption of saver households is necessarily the smallest among all households. Therefore, the
fall in output is greater than the response of saver households alone. In contrast, when output
increases in response to an expansionary monetary policy shock, the increase in consumption
of saver households is necessarily the largest among all households. Therefore, the increase in
output is smaller than the response of saver households alone. Hence, output responds more

to contractionary monetary shocks than to expansionary shocks of equal magnitude.

The micro-data suggests that the largest sensitivity of household consumption to changes in
output is at least two and half times the size of the smallest sensitivity. When inflation is
unresponsive to changes in output, output should respond two and a half times as much to
contractionary shocks than to expansionary shocks. This quantitative result can therefore

explain at least 60% of the asymmetry found in the macro data.

29



The mechanism in this paper applies to any aggregate shock. It would therefore be interesting
to investigate the asymmetric transmission of other aggregate shocks, and to see how well the

model does at explaining the asymmetry.
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A Additional Figures
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FIGURE 1. GDP BETA AT AGE 3645 BY GENDER AND FOR MALES BY AGE GROUP

Notes: Earnings percentiles (conditional on gender and age group) are based on average real earnings from yeart — 6tor — 2,
while real earnings growth used to estimate GDP beta is from year ¢ — 1 to ¢. The dotted lines represent the 95 percent confi-
dence interval.

Figure 4: Reproduction of Figure 1 from Guvenen et al. (2017), which plots the 3, coefficients
from the pooled OLS regression Alogy; + = ay+B4Alog Yi+u; ¢, where y; ; is worker 4’s income
in period t as reported on her W-2 form, Y; is GDP, and the groups {g} are the gender-specific
(Panel A) or age-specific (Panel B) percentiles of the permanent income distribution computed

using incomes in periods t — 6 to t — 2.
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Figure 5: Impulse responses of real GDP (from NIPA) estimated using local projection meth-
ods and different lag structures.
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Figure 6: Impulse responses of real GDP (from NIPA) estimated using local projection meth-
ods with inflation as an additional control variable.
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Figure 7: Impulse responses of real GDP (from NIPA) estimated using local projection meth-
ods, using only the post-Volcker sample.
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Figure 8: Impulse responses of real aggregate consumption of non-durables and services (from
NIPA) estimated using local projection methods.

B Additional Results for Section 3

Proposition 4. Under assumption 1, the first order equilibrium dynamics of output in re-

sponse to cost-push shocks are given by

¢7T L .
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Proposition 4 shows the equilibrium dynamics of output as a function of the contemporaneous
cost-push shock, and the heterogeneity in exposures of household income to aggregate income
captured by the set of coefficients {Y}. Similar to the monetary shock case, the dynamics
of output depend on the sign of the cost-push shock, and the fact that g > B implies that
output responds more to positive cost-push shocks (¢f < 0) than to negative cost-push shocks
(e > 0).

Proposition 5. Under assumption 1, the first order equilibrium dynamics of output in re-
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sponse to TEFP shocks are given by
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Proposition 5 shows the equilibrium dynamics of aggregate output as a function of the con-

temporaneous TFP shock, and the heterogeneity in exposures of household consumption

(and hence income) to aggregate income captured by the set of coefficients { BY + ngi} and
Bi

{ Bf’ + Ca—_} Relative to the previous analyses, an additional complication stems from the
Y

fact that TFP shocks directly affect households’ incomes since an increase in TFP increases

the non-labor share of income and hence raises the exposure of households with large dividend

CZH" BTFP, and QTFP

shares. Therefore, the coefficients ¢y, must be determined jointly
unlike in the previous analyses where the {3Y} coefficients were direct functions of primitives.
Similar to the other shocks, the dynamics of output depend on the sign of the TFP shock,
and the fact that ¢, > c;r implies that output responds more to negative TFP shocks than to

positive TFP shocks.??

Proposition 6. Under assumption 1, the first order equilibrium dynamics of inflation in

22Technically, it is possible that cfj,c; < 0 due to the complementarity between consumption and labor
supply created by my assumption of GHH preferences. Specifically, when TFP increases, there is a direct
effect on labor supply: holding aggregate demand fixed, labor supply falls since TFP is higher. Given GHH
preferences, this fall in labor supply causes net consumption to increase. Holding interest rates fixed, this
causes households to lower their demand for consumption in order to maintain a smooth time path of marginal
utility. Therefore, a positive TFP shock has a direct contractionary effect on output when households have
GHH preferences. Given this effect is purely a result of my special assumption on preferences, I assume that
parameters are such that this channel does not dominate the the usual effects that are the focus of my analysis,
so that c;', cy > 0.
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response to monetary policy shocks are given by
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Proposition 6 shows the equilibrium dynamics of inflation as a function of the contemporaneous
monetary shock, and the heterogeneity in exposures of household income to aggregate income
captured by the set of coefficients {8Y}. Similar to output, the dynamics of inflation depend on
the sign of the monetary shock, and the fact that SM* > ﬁM P implies that inflation responds
more to positive (contractionary) monetary shocks than to negative (expansionary) shocks,

thus mimicking the asymmetry of output.

Proposition 7. Under assumption 1, the first order equilibrium dynamics of inflation in

response to cost-push shocks are given by
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where

BT = max {8Y}

BEP = min {BY}

Proposition 7 shows the equilibrium dynamics of inflation as a function of the contemporaneous
cost-push shock, and the heterogeneity in exposures of household income to aggregate income
captured by the set of coefficients {3Y}. Similar to output, the dynamics of inflation depend
on the sign of the shock, and the fact that 5 > QCP implies that inflation responds more to
negative cost-push shocks (e > 0) than to positive cost-push shocks. Hence inflation exhibits

the opposite asymmetry to output.

Proposition 8. Under assumption 1, the first order equilibrium dynamics of inflation in
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response to TFP shocks are given by
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Proposition 8 shows the equilibrium dynamics of inflation as a function of the contemporaneous
TFP shock, and the heterogeneity in exposures of household income to aggregate income
captured by the set of coefficients { By + %} and { By + %} Similar to output, the dynamics
of inflation depend on the sign of the shock, and the fact that ¢t < ¢ implies that inflation
responds more to positive TFP shocks than to negative TFP shocks. Hence inflation exhibits

the opposite asymmetry to output.

B.1 Idiosyncratic Risk

In this section, I relax the restriction that o, = 0, so that households experience idiosyncratic
shocks to their labor productivity ;. In order to maintain tractability, I assume instead that
the idiosyncratic risk is “small”’, and study the economy in the limit o. — 0. In addition, I
assume that all households have the same average productivity level, 6; = @ for all 7. Since the
response of output to interest rate changes lies at the heart of all of the asymmetry results, I

focus on the case of monetary policy shocks.

For clarity, I state the assumption I require for tractability, which replaces assumption 1. All

common restrictions have the same interpretation as before.
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Stationary Competitive Equilibrium When all aggregate shocks are set to zero in all
periods, I can define a stationary competitive equilibrium. In this equilibrium, aggregate
quantities and prices are constant over time, while households’ choices of consumption and
labor supply change over time as a function of their labor productivity, which is subject to

idiosyncratic shocks.

Under assumption 2, there is a unique ergodic distribution of labor productivities in the econ-
omy, Ag. Since the no-borrowing restriction implies that the wealth distribution is degenerate
in equilibrium, Ay is sufficient to compute cross-sectional averages of household consumption,

labor supply, and income variables. Hence, the stationary competitive equilibrium is unique.

Definition 3. Under assumption 2, and given initial conditions {{bi’o, 0i0}; ,Po} where 6; o ~
Ag and b;g = 0 for all 7, the unique stationary competitive equilibrium is a sequence
{{eitminsbickie 4y ()}, Prdsw, o} such that

1. {eit,nig, bit},; , solve the household problem for each i.

2. {y (j)}; solve the final good firms’ problem.

3. P = Py solves the intermediate goods firms’ problem.

4. d satisfies the dividend equation.

5. Markets clear at every time ¢ > 1.
In order to derive analytical results, I consider the dynamics of the economy in response to
aggregate shocks around this unique stationary equilibrium. Formally, the following lemma
condenses the economy to a set of four equations, analogous to lemma 1 for the case without
idiosyncratic risk. Similar to that case, aggregate variables are expressed in log deviations

around their values in the stationary equilibrium. Variables for household i are expressed as

linear functions of these log deviations and also of log deviations of her labor productivity 6; ;
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from its mean value ;. The approximation in the labor productivity dimension is valid since

I work in the neighborhood of zero idiosyncratic risk, o, — 0.

Lemma 2. Under assumption 2, and to first order, the economy admits the following repre-
sentation:
L =1+ Gy + Gyl + €

-1 &-1 . 1
& Pyt — & (1+w)€t_§€?+5Et[ﬁt+l]

. 2 2 1
min {Et [Ci,t—l-l} - Cz‘,t} =3 (¢t — By [me41] — p)

Cix = BV + Blel + 590, Vi

where r is the real interest rate in the stationary competitive equilibrium, {ﬁf, 2, Bf}l depend

only on model primitives, and where ¢ is consumption net of the disutility of labor supply,
nlte
1+ *

c=c—

o= > 1 and ¢, > 0 are sufficient to ensure that the system has a unique steady state, g; = 0,
T =0, Ciy = B0, Vi.

Remark 1. The stationary real interest rate is given by

In the presence of idiosyncratic labor productivity risk and binding borrowing constraints,
households use the asset to build a buffer stock of savings as a self insurance mechanism. This
increases the demand for the asset, and drives down the equilibrium real interest rate below

the discount rate of households, r < p.

The empirical evidence suggests that the process for idiosyncratic shocks to labor income has
a very persistent component (see, for example, Storesletten et al. (2004) and Guvenen et al.
(2016)). In my setting, this is the case in which py — 1. Conveniently, this limit case also

allows me to solve the system explicitly for the responses of output to monetary policy shocks.
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Proposition 9. Under assumption 2, and in the limit as pg — 1, the first order equilibrium

dynamics of output in response to monetary policy shocks are given by

1 1 v . v
v @551@+l¢y ~€} if e >0

1 1 v . v
— = = =€ if el <0
B—&-}T b qul go—&-é oy 7 t t

where

Proposition 9 shows that the responses of output are identical to the case without idiosyncratic
risk. Therefore, the asymmetry is robust to the inclusion of idiosyncratic shocks that are very

persistent.

In the presence of idiosyncratic risk, there are two distinct channels through which households
can have low consumption growth, and hence be savers in equilibrium. The first is the source
of asymmetry that I have analyzed in earlier sections. When households’ incomes are hetero-
geneously exposed to changes in aggregate income, binding borrowing constraints prevent the
equalization of consumption sensitivities of output changes, and cause contractionary shocks

to have larger effects than expansionary shocks.

The novel channel is due to idiosyncratic risk and is independent of heterogeneous income
exposures, and so cannot be a source of asymmetry. When a household expects to experience
a drop in her labor productivity, her consumption growth will be low to the extent that the

drop in labor productivity is uninsurable and hence transmits to her consumption.

When the process for labor productivity is very persistent (pg — 1), households expect their
labor productivity to remain approximately constant across consecutive periods. This renders
the novel savings channel inactive. As a result, savings choices are entirely determined by
exposures to changes in output. In this case, the responses of output to monetary policy

shocks are identical to the economy without idiosyncratic risk, as shown by the proposition.

Idiosyncratic shocks are often modeled as the sum of a persistent and transitory component.
However, the empirical evidence suggests that households are very well insured against tran-
sitory shocks (Blundell et al. (2008) and Heathcote et al. (2014)), so that they do not affect
consumption growth computations. Therefore, adding transitory shocks to labor productivity
with a sufficiently rich set of contracts to provide insurance against them would complicate

the model greatly without providing additional insights.
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B.2 Heterogeneous Preferences

Let household 7 have preferences given by

o— nlte 1-a;
1+

1—O'i

u; (e,n) =

where g; > 0 for all . The follow lemma summarizes the dynamics of the economy, and is the
natural extension of lemma 1.
Lemma 3. Under assumption 1, the economy’s first order equilibrium dynamics in response

to monetary policy shocks satisfy the system

L= p+ Oxmp + Oyl + €f
d—1
é‘p

min {Ui <Et {éi,t+1:| - éi,t)} =1 — B¢ [me1] — p

)

T = 0 + Oy [my11]

Z _ Y ~ .
Ciy = B9 Vi

where p = —logd, {ﬁzy}l depend only on model primitives, and ¢ is consumption net of the
disutility of labor supply, ¢ = ¢ — qf: .

¢r > 1 and ¢, > 0 are sufficient to ensure that the system has a unique steady state, §; = 0,

Ty = 0, E@t =0 Vi.

Given this lemma, we have the following closed-form representation of the asymmetric output

responses to monetary policy shocks.

Proposition 10. Under assumption 1, and when households have heterogeneous o; parame-

ters, the first order equilibrium dynamics of output in response to monetary policy shocks are

given by
1 v ; v
- ¢ i el >0
Bo+onTztorey ! i
Y =
1 v : v
—_—— ¢ i el <0
Botén St oty | fo
where

Bo = max {o; 57}

Bo = min {0;5]'}

Hence output responds more to contractionary monetary policy shocks than to expansionary

shocks of equal magnitude. Clearly in the case o; = ¢ for all 4, the result simplifies to
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proposition 1.

C Proofs of Analytical Results

Proof of Lemma 1 1 prove the lemma, for the general case of all shocks.

The first equation is simply the Taylor rule for nominal interest rates, and is derived by taking natural logs of

1 i \%
1+Lt:g(1+7rt)¢" (Y—;) e't
and using log (1 + z) ~ z for small z.

In order to derive the remaining equations, I first derive an expression for household income, y; +. Under GHH
preferences, labor supply of household i is given by
11
n; ¢ = Hi‘f’twt“’
so that total household income is given by

1+¢ 1+

Yig =w, * 0, 7 + side

Aggregating the labor supply condition over all households, and using the production function yields an ex-

1l 14e
Yt:Atw;’/ 0,7 di
0

pression for aggregate output,

so that the real wage is given by
%)

Y:
ite

A f) 0,7 di

To first order, resource costs of inflation are zero. Hence dividends are given by

= _ W
-

1 14
et:/ 0,7 dk
0

and substituting these expressions into the equation for household income yields

Wy =

Defining

1+
X P
,t

t

v, \1te 6,
Yit = (A é ) [Ch 5 " si | +s:.Y:
tO¢

Using 0; ; = 0; for all ¢ implies that

Vi \'T L (67
yi,t:<Att@> (€] L —8i | +s:Ys

can be expressed as a function only of Y; and A,
Yir = fi (Y, Ae)

where the function index 7 stems from cross-sectional heterogeneity in 6; and s;.

The second equation is the New Keynesian Phillips Curve (NKPC), and follows from two steps. First, log

linearizing the FOC of the intermediate goods firms’ problem around the zero inflation deterministic competitive
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equilibrium yields

_ (I’t Wt CI)t -1
Wtfgfpzf & + 0B [me41]
where the product terms are approximated by
dwy  PP-1 -1 b1 wy o1
— = _ = log &, — log ® log — —1 -
Ao 3 e (log ®; — log @) + & (ogAt g% >
and o—1 d-1 @
. — — _
& = & + .ST’ (log ®; —log fIJ)
so that _

P -1 wy o —1 1 _
Tt — gp (log It — lOg T) — Eip (10g q)t — log (P) + 6Et [7Tz+1]

Second, aggregation of the household labor supply condition stemming from GHH preferences yields
wy = Yo )7
fT A6,

logw; —log Ay = plogY: — (1 + ¢) log Ar — plog O,

Taking logs yields

Using ©; = 0O, a first-order Taylor expansion of this equation around the deterministic competitive equilibrium
then yields ~
Wt -1

_1 _
A, %73

log

Substituting this into the NKPC yields

b -1 -1 . 1 =
T = gfpso% — 67? 1+ ¢)ar — 57’ (log<1>t —log@) + 0 [me41]

Next, consider the third equation, which is the Euler equation for the economy. To derive this equation, note

that the Euler equation for household i is given by

Gl > 0B [E 70y (1+7141)]

plte

T+o
disutility of labor supply (this occurs due to the GHH preference specification).

where the inequality is strict if the borrowing constraint binds, and ¢ = ¢ — is consumption net of the

Therefore, the Euler equation features a “distortion” only if household ¢ would like to borrow in equilibrium,
Gl > 0B [ 7 (L+ri1)] < bie <0

Hence, in equilibrium, there exists a household ¢* (¢) such that

Ei* -7
(T4 res1) (M> :| > OE,

Cix(t),t

1:(5Et

Ci 7
(14 reg1) (#) ]
Ci,t

for all i # ¢* (t), where " (t) satisfies

i* (t) € arg max [,

(14 7e41) (Lj(t)’tﬂ)
Ci* (t),t
The aggregate Euler equation is therefore given by

(14 reg1) (@) ]
Cit

1 =Jdmax[E,;
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Taking logs and using the first-order approximation log E¢ [x¢41] & E; [log 2++1] yields
0 = log § + max {Et [log (1 4+ 7¢41)] — oKy {log (clfiﬂ)] }
2 Ci,t

Writing p = — log § and using the approximation log (1 + r) & r together with the definition of the real interest
rate simplifies the equation to

0= ’L't — ]Et [7I't+1] —p— O'miil’l {]Et [log Ei7t+1] — IOg éi,t}
where I have also used the fact that
max {—X;} = —min {X;}

Using the log deviation around the deterministic competitive equilibrium
Gix=logéis —logé;

yields the third equation
. 2 2 1 .
min {]Et |:Ci,t+1:| — Ci,t} =5 (i¢ — Bt [me41] — p)

For the final equation, use the fact that in equilibrium

1t 1t
® ®
Hi,t Wy

1+op

Cit = Yi,t —

so that
1te 14+
o ()
it 4,0
1+

Cit = Yi,t —

Therefore, when 6; ; = 0;,

1te 1
0. ¢ v, +e
% Ai©

log i = log | yis —
0g Ci,t og | Yi,t 1+S0

which can be linearly approximated around the deterministic competitive equilibrium as
Ci = BYDe + Biet

for some coefficients 37 and i that depend only model primitives, as required to complete the representation.

Note that
ite 1+e
o (i)
logé;+ =log [ yie — —
1+
implies
1+ 01%
N Y: ' P
logé; ¢+ =1 L — =5 i Y3
0g Ci ¢ og (At@) (C] 6 1+ si | + s:Ys

which has a first order expansion

1te 1te
1+ 0. ¥ 1+ 0. ¥
(149 (25) e( @—a)%ﬁ (1+0)(35) e( —)

Cit =~

’ 1+ 1+
v \1+e 0. ¢ o _ _ v \1lt+e 0. ¢ » ) )
(76) 7 © ( T S| TsiY (76) 7O | o1 —si | +sY

In the deterministic competitive equilibrium,



é_lg %"37 L 1+¢
) —\ 40
-1\
—1-\»* -
Y=|——A A©
P
so that
N £2") 0%5‘3 N N €2 g%f
(+¢) (5524) 7 @( = sz)w(w)we (14 (2524) 7 e<i@ _>
Cirt B _ | e GIZ‘P _ N e _ | e OI?D _ N
(%24) 7 e< . Sz>+sz(¢¢1A)¢A® (2524) ~ e( i wa_sl>+sz (2:24) A0
Hence
1+
e w o
LA (e %)
pi = 1te
10,7
Tl © ﬁ"‘szg
1+p
10, % o
8o s o) _(1"“/’)%3“&
L 1+
so that
1te
0.7 1
BY >0 — = >s (11— ———
© p(®—1)
1+e
0.7 1
Bi >0 — = < s te
© @

I assume that both conditions are satisfied. O

Proof of Propositions 1 and 6 Recall the representation

it = ,0+ ¢7r7Tt + ¢y'gt +€§

T = & ©Ut + 0Bt [me41]
. 2 2 1 .
mz_ln {]Et |:Ci,t+1] - Ci,t} = pu (it — B¢ [Te41] — p)
éi,t =BV

where I have set €7 = € = 0 by assumption.

Consider ¢/ > 0, and suppose that the solution takes the form

A 4w
Yt = Cy €
ﬂ't:C;tEf

where cz,r < 0. Substituting these guesses into the system and simplifying yields

L d-1

_ +
= g 9%
. v 1 v v v
miln{—ﬁfc;et = (prciker + dycy el +€;)
so that _
. y + v 1 -1 + + v
min Ay = 5 0T e e 1)

20



By the supposition, fc;;ef > 0 so that

1 o -1 v
_cyetﬂ_;<ﬂ wcqj—&—qﬁyc;—i—l)et

é‘p
where
B = min {57}
Hence
v = _— =
éJF %wa q)gpl‘P + %d’y g
1 10—-1
P -

B+ t¢eiFo+ Lo, 0 €
where c; < 0 since

1, -1 1
é+ ;¢w§7p¢+ Ed)y >0

For completeness, suppose c; > 0. The same steps yield

1 -1
mm{ ﬁycyet _;( " e apc;—&-gﬁyc;'—kl)el

By supposition, c;'ef > 0 so that

v 1 d— 1
—c;et = <gf>7r npcy + quyCy + 1)

3
where
B =max {8/} >0

Hence
= .
B+ %‘st q>5p190 + %‘i’y g

where the inequality follows from

B+ % - >0

134

Therefore, we have a contradiction.

Now consider €; < 0, and suppose that the solution takes the form
O = cy €f
T = C, €f
where ¢, < 0. Substituting these guesses into the system and simplifying yields

P11
Cr = I ———pcy >0
. y — v 1 — v — v v
mz_ln{—ﬁi cy et} =2 (ng,Tc7r € + Pycy, € + ei)
so that 1 o
mln{ chet}_;<ﬂ' fp roy +¢)ycy +1) :

By the supposition, ¢, €} > 0 so that

| -1
—Cy €= P (42571— 1% wey +¢>y0y +1>

where

B = max {5}

o1



Hence
1 1

B+ 2ontFto+ Lo, 0
1 1<I>—1

+
Cr = — pe <0
5+ ¢7r 5p €0+ ¢y0 34

as required.

For completeness, suppose that ¢, > 0 so that —c, €/ > 0 and the same steps as above lead to

|
—cy e B = . ((;S7T & gocy + ¢ycy —l—l)

so that
1 1

B+ tontTro+ 2040

which is a contradiction. O

Proof of Propositions 4 and 7 Recall the representation

it =p~+ dnme + OyYe

d—-1 1
Tt = ér Yyt — 6776? + 0K, [me41]
mlIl {]Et [Cz t+1] - Cz t} = Zt —E: [TFt+1] p)
i = Bl

where I have set €f = ¢/ = 0 by assumption.

Consider € > 0, and suppose that the solution takes the form

N + P
Yt = Cy €

b
= che;

where c; > 0. Substituting these guesses into the system and simplifying yields

miin{ Bycy € } = (¢ﬂc+et + ¢>ycy € )

ml_in{ cyet}_§<W(ié__plsocyfé—p)Jr@,c;)e

By supposition, cy ef > 0 so that

so that

1 -1
i (o (Tgre ) v )
where
B =max {8} >0
Hence L
o P zp 1

B+iotFto+ Lo, 0

N O b .
T\ B ieTre+ Loy
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For completeness, suppose that cy < 0 so that fcy ef >0 and

br g5 1
_ ™ gp 1
é‘f' %45774)5;190"‘ %¢y g

where
B = min {57}
which is a contradiction.

Now consider €f < 0, and suppose that the solution takes the form
N -
Yt = Cy €t
-2
T = Cp €
where ¢, > 0. Substituting these guesses into the system and simplifying yields

_ ®-1 _ 1
Cn = —FZ—¥Cy — =

&p 3
mm{ Byc;ef} (gi),rc7T € + dycy € )

1 1 _
mm{ chet :;( ( @cy—g—p>+¢ycy)e
By supposition, fc;ef) > 0 so that
-1 _ 1 _
(0 Ctom ) v )4

5 = min {57}

so that

5CP

Q\H

—Cy €

where

Hence L

_ ¢7T§T7 1

= ik il
ﬁcp + %d’ﬂ 4)5111()0 + é‘by g

c+:_1< BT+ 50y )
E\BP+ Lo S50+ 20y

For completeness, suppose that ¢, < 0 so that ¢, e? > 0 and

as required.

br e 1
_ Tep +
B+ son ot 20y @

where
B = max {5/}

which is a contradiction. O

Proof of Propositions 5 and 8 Recall the representation

=P+ Oxme + Oy

o—-1 . d-1 a
v (L4 p) et + 0K [meq1]

I3
mm {]Et [cl t+1] — & t} = — (it — B¢ [141] — p)

Tt =

Cin = BYGe + Bie}
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where I have set e = €’ = 0 by assumption.

Consider ¢ > 0, and suppose that the solution is given by

where c;' > 0. Substituting these guesses into the the system and simplifying yields
+_®-1 4 @-1

Cr = 134 Pey &

(1+¢)

min { (8265 + B7) €€} = © (dnct + 6y05) €

so that

(o Tgtoet — o Pt )+ et )

SR

min { -~ (Be; + 1) cf} =

Now define 8777+ = g¥ 4 2L 5o that
Cy

) “ 1 -1 d—1 a
miln{—/ﬁiTFPC;Gt} =5 (d’w & SDC; — ¢n & (1+¢) +¢yC;> €t

where c;e? > 0 by the supposition, so that

o= ¢77Tq)§;1 (1+¢) 1
Brret + 1 (.55 0 +9,) 7

- ATFP+ | 1
c::,%(1+w B + 2Py

BTEP+ 4 L (¢7r i}lsﬂe N ¢y)
where

G~ max{ gy + O
? C.

Yy

To ensure that ¢ > 0, first rewrite

o ¢ IR (1 +9) L - B

Z:J* + % (wa i;l ®+ ¢y)

where a
i* = arg max {ﬁzy + ﬁ—i}
2 C,y
Then, I impose the restriction ~
d—1 1
B < ér N (1+¢)

for all 4, which guarantees c;' > 0 as required. This restriction requirement is purely a result of using GHH

(o2

preferences: a positive TFP shock lowers labor supply ceteris paribus, which boosts a household’s net consump-
tion due to the strong complementarity between labor supply and consumption embodied by GHH preferences.
If this complementarity is strong enough, output can fall in response to a positive TFP shock in equilibrium
since households are happy to consume less but also work less. Since this feature of GHH preferences is not

the focus of my analysis, I rule it out by assumption.
Now consider €f < 0, and suppose that the solution is given by

— a
Yt = Cy €

— a
Tt = Cr €;

o4



where c;; > 0. Substituting these guesses into the the system and simplifying yields

_ ®-1

Cpr =

d—1
e

e P T (1+¢)

1 - a a 1 —_— — a
m_m{— (BYey +B7) et} = o (frcr + dycy ) €
Now define ﬁiTFP’* BY + B 5o that
cy

. S 1 1 o —1 N\ .
o (4} = (o B ot v )

where —c, €/ > 0 by the supposition, so that

- ¢ I (1+ ) 1>0
B e =2
I ﬂTFPv*+l¢y

Cr =

é-p (1+30) QTFP,— (¢ﬁ

ETFP,7 — m_in {By Bz }

Cy

where

To ensure that ¢, > 0, rewrite

- = ¢Tr €p (1"‘80) — B
O (¢W e @+¢y)

i** = arg min {ﬂy B }

Cy

where

The restriction

N d-1 1
Bi <¢7r£7p(1+90);

for all 7 then ensures that c, > 0.

Finally, in order to prove that c, > c; define the functions

g () = i 5; “(+e) —c
amaxl{ﬁy }+¢7r Lo+ ¢y
i (e) = ¢= Tt (1+¢) .

o min; {57 + —} + o Tlo + 8,
where g~ (¢) > g7 (c) for all ¢ > 0, and the coefficients ¢, and ¢ satisfy
g (e)=0

9" (ey) =0

Then, the fact that g~ (¢) > g (¢) implies that ¢ < ¢, as required. O

Proof of Lemma 2 The first equation is simply the Taylor rule for nominal interest rates. In order to

derive the remaining equations, I first derive an expression for household income, y; :. Under GHH preferences,
labor supply of household i is given by

1 1
nie =07 twt
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so that total household income is given by

1+ 1+¢

Y =w, © 0, +side

Aggregating the labor supply condition over all households, and using the production function yields an ex-
pression for aggregate output,
1l 14e
Y, = Aww/ / 0,7 di
0
so that the real wage is given by
@
Y:

ite

A [} 0,7 di

To first order, resource costs of inflation are zero. Hence dividends are given by

= _ W
-

1+

1
0, = / 0,5 dk
0

and substituting these expressions into the equation for household income yields

we =

Defining

. 1ty

Y ’ 0:.f
it = © — — i Yy
Yi,t (Atet> t o, Si | +siXy

In the stationary competitive equilibrium, ©; = © by construction, so that

14 1+
v \' (6.7
yi,z:<At6> (C] ’é —Si | +8:Ys
t

The second equation is the New Keynesian Phillips Curve (NKPC), and follows from two steps. First, log

linearizing the FOC of the intermediate goods firms’ problem around the zero inflation stationary competitive
equilibrium yields

@t Wt (IDt -1

Tt = —— —— —

- & Ay I3

where the product terms are approximated by

+ 0E: [7Tt+1]

<I>twt éi)*l é*l

B _ -1 wt o -1
eh e e loemoe®) 4 Tt (e - )

and -1 d-1 &
L = + g—p (log d; — log @)

so that _

T = <I>£—p 1 (log We _ log %) — fip (logq)t —log <f>) + 0K [me41]

Second, aggregation of the household labor supply condition stemming from GHH preferences yields
wy = Yo \*
T4l

logw: —log A: = plogY: — (1 4+ ¢) log A+ — plog O

Taking logs yields

Around the stationary competitive equilibrium, ©; = O, and a first-order Taylor expansion of this equation

yields ~
we b -1

—log——=oji —(1+¢)a

1
%8 4, 3

o6



Substituting this into the NKPC yields

b -1 -1 1

T = gfpso% — 67? 1+ ¢)ar — & (log P, — logi)) + 0 [met1]

Next, consider the third equation, which is the Euler equation for the economy. To derive this equation, note
that the Euler equation for household i is given by

Cit = OBy [E 7 (14 Ten)]

plte

T+o
disutility of labor supply (this occurs due to the GHH preference specification).

where the inequality is strict if the borrowing constraint binds, and ¢ = ¢ — is consumption net of the

Therefore, the Euler equation features a “distortion” only if household ¢ would like to borrow in equilibrium,
Gl >0k [ 71 (L+riq1)] < bie <0

Hence, in equilibrium, there exists a household ¢* (¢) such that

1 =0E; | (1+re41) (M> :| > 0K,

Cix(t),t

Ci 7
(14 reg1) (ﬁ) ]
Ci,t

for all i # ¢* (t), where " (t) satisfies

i* (t) € arg max E,

(14 res1) (Lj(t)’tﬂ)
Ci* (t),t
The aggregate Euler equation is therefore given by

(14 ret1) (thH) ]
Cit

Taking logs and using the first-order approximation log E; [z¢41] = E; [log z+1] yields

1 =dmaxE,;

Ci,t

0 = log § + max {Et [log (1 + 7¢41)] — o, |:log (%)] }

Writing p = — log 6 and using the approximation log (1 + 7) & r together with the definition of the real interest

rate simplifies the equation to
0= it — ]Ez [7Tz+1] —p— Umiin {Et [log 6i,t+1] — log Ei,t}
where I have also used the fact that
max {—X;} = —min {X;}
Using the log deviation around the stationary competitive equilibrium and mean labor productivity level
éi,t =log i+ —logé;
yields the third equation

miin {]Et [éi,tﬂ] — ézt} = % (it — E¢ [m41] — p)

For the final equation, use the fact that in equilibrium

1+e 1+

© ©
Gi,t Wy

1+¢

Cit = Yi,t —

57



so that

Therefore,

1t+e 1
ot v, \ 1t
i 4,0

log &, = log | yix —
0g Ci,t og | Yit 1+s0

which can be linearly approximated around the stationary competitive equilibrium and mean labor productivity

level as

Cit = B9 + Bl + B 0is
for some coefficients 87, 8¢, and B¢ that depend only model primitives, as required to complete the represen-
tation. O

Proof of Remark 1 In the stationary competitive equilibrium, the economy is summarized by the two

equations
mm {Et [cl t+1] — ¢ t} ==(r—p)
Eiﬂ: = /81 ei,t V’L
so that .
o (5 0] ~0.)} = Lo
Since
éi,t = peéi,tfl + €t
we have

(U= po)max {8061} = - (r— p)

r:p—o(l—pe)mgx{ﬂféi,t} <p

as required. O

Proof of Proposition 9 Recall the system

=7+ GaTt + Pyl + €7
o—1
T + OBy [me41]
. 2 2 1
rnl_ln {]Et [Ci,t+1] — Ci,t} = pu (et — Ee [mes1] — p)

éi,t =09 + 5féi,t Vi

T =

where I have set €¢ = ef = 0 by assumption. Substitution yields

min { B¢ (B¢ [§e+1] — §¢) + B7 (Bt [figr | — i _ ¢>n (Pyt+¢yyt+€t +r—p
in { (& [puen] =)} = 2 (6 )

5

Suppose €; > 0. Guess a solution of the form g, = c;jef with c;r < 0. Using this and the fact that

Oit+1 = pobit + €it41

—é (r—p)=Q1- /Je)mjax {ﬁgeéj,t}

yields

mln{ ﬂycy € + (1 - ,09) (m]ax {B?éj’t} - Bfém)} B (¢ﬂ 3 1(,0 * ¢)y) C;—é) " %Eg

o8



Taking the limit pg — 1 then implies that (1 — pg) (maxj {/Bjeé]"t} — ﬁfé”) is of second order so that the

equation becomes

—1 1,
mln{ 5ycyet _—(gzﬁ,r & go—&—(;ﬁy)cyet—i—;et

which implies
1 1

B+ iqﬁﬁ q>£;1¢+ éd’y g

where

B = min {57}

Now suppose €; < 0. Guess a solution of the form §; = ¢ ¢} with ¢, < 0. Using this and the fact that

0it+1 = pobit + €it41

—% (r—p) = (1 - po) max {ﬂfém}

yields
. Yy — v o n ) -1 — v 1 v
min § —flc, € + (1 —po) max {ﬂj Oj,t} —Bibie ) p = (bw e ¢ + by ) cyel + L

Taking the limit ps — 1 then implies that (1 — pg) (maxj {,Bféj,t} — ,Bféi,t) is of second order so that the

equation becomes

. o -1 L 1
miln{fﬂiycy Gt} = ((i)n ¢r @+¢y> Cy €t +;6t

which implies
1 1

» _ —— =
B+ éﬁbﬂq}pl@"" %‘Jﬁy g

where
B = max {5/}

as required. O

Proof of Proposition 10 Recall the system

Lt =p+ Ormi + Oyt + €

®—-1
7@% + 0E; [me41]

miin {cri (Et [éi,H.l] - é”)} = (1t — B¢ [me41] — p)

Cin =B Vi

Tt =

Consider €; > 0, and suppose that the solution takes the form

P S )
Yt = Cy €
ﬂ't:C;t(Ef

where ¢ < 0. Substituting these guesses into the system and simplifying yields

o1
+ _ +
Cr = g P

miin {—Jiﬁf’c;ef} = ((i),rcj,'e;’ + qﬁyc;'ef +€)

so that 1
mm{ oiflcy ey}—(qﬁﬁ & apc +<j>yc +1)
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By the supposition, fc;ef > 0 so that

-1
—cy € fo = (quTr & gocy + (;Sycy + 1)
where
Bo = min {047}
Hence
+ 1
Cy =~ F-1
Bo+ ¢x"gp+ by
1 -1
o= @

CBotéeTtot oy €
where c; < 0 since

Bo + 6,2 = 2l >0

For completeness, suppose c; > 0. The same steps yield

mm{ oiBlcy el —(¢7rq>_p

1 v
€ ch;' —l—qbyc;' + 1> €

By supposition, c;'ef > 0 so that

—cy €' fo = (qgﬁb

& pcf + oyer + 1) €;

where
fo = max{o:B!} >0
Hence
o = —— 71 <0
Bo + bx Tt o + by

where the inequality follows from

o+ 6 2 = 2l >0

Therefore, we have a contradiction.

Now consider €; < 0, and suppose that the solution takes the form
O = cy €f
T = C, €f
where ¢, < 0. Substituting these guesses into the system and simplifying yields

P R
" &r

miin {—oiBlcy e} = (pncrei + dycy € +€f)

wc, >0

so that
-1

mm{ oiBlc, e} = (¢7r &

pe, + by, + 1) €

By the supposition, c, e; > 0 so that

. -1
—cy € fo = (qb,r & wey + dycy + 1>

where

Bo = max {06/}
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Hence
_ 1
Cy = ——= Fy <0
5U+¢ﬂ‘5p ©+ Py

o 1 <1>—1S0 <0
T = T = & ©
Bo+ o2t o+ by €

as required.

For completeness, suppose that ¢;; > 0 so that —c, €/ > 0 and the same steps as above lead to

e o—-1 - v
—cy € o = (¢w£7p<ﬁcy + ¢ycy + 1) €t

so that
_ 1
Cy = — Fy) <0
/30'+¢7r§7p<,0+¢y

which is a contradiction. O

Proof of Proposition 2 Recall the system
t=p+ Qrme + GyYr + vt
Tt = Kyt + 0By [Te41]
miin {E¢ [Ci441] — Cie} = é (e = E¢ [mea] = p)
Cit = Bic’v?)t Vi
Consider v1 > 0, and guess linear solution g: = c;rvt, T = vy with c;r < 0. Substitution yields

+ Ry  +
Cpr = C
T 1—6py, ¢

<(¢w —po) —X 4+ Gy + 1) v

. c,v C,v 1
min { (87" pv — B7}) ey v} = - L —6ps

—c;' vy > 0 implies
N 1 1
y

c, = 3 .
(L= p0) B + 2 (br — po) Tobsm + 200y 0

where

457 = min {57}
Suppose v1 < 0, and guess linear solution §; = c, v¢, ™ = c; vy with ¢, < 0. Substitution yields

. v — 1 K _ _
miln{(pv -1) 87 Cy Ut} = p ((¢7r — puv) ﬁcy + ¢ycy + 1) Ut

where (1 — p,) ¢, v; > 0 implies

_ 1 1
Y (= p0) Bt 2 (fr = o) T + 20y O

where

/BC,’U — miaX {5;,1}}

as required.
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Proof of Proposition 3 Pooled OLS estimation for group g yields
) D (A logY; — 17) Alogeci,
= N N2
Zt Ez (A logV; — y)

where § = % SA lde}, and the summation over ¢ is read as “sum over all households ¢ such that G (i,t) = ¢”.

Substituting in the true model for household consumption yields

- S (A logY; — gj) (ai + BiAlogY: + ui,t)

’ > 5 (A10evi - 7)’

R R 2 R R
R Do (aiAloth + Bi (A log Yt) + u;tAlog Yy — go; — BigAlog Yy — yui,t)
ﬂg = N 2

S (AlgY: - )

~ ~ 2 ~ ~

B ZtAIOgY%Ziai+Zt (AlOgYi) Ziﬂi+ZzAlogYiZiui,t7?2,521'0”7gztA10thZi/Bi gZzZiui,i

= N 2

> % (Algyi - g)

N ~ 2 N N
Zt AlogYiag: + Zt (A log Y;f) Bt + Zt AlogYiug,: — ¢ Et Qg — Y Zt AlogYiBgt — ¥ Zt Ug,t

Bg = 1 R 2
ZZt Zz (AIOth —?7)
where
R
g,t — n 7
1€g,t
1
Bot = > B
i€g,t
1
Ug,t = n Uit

are parameter means over households in group ¢ in period ¢. Note that 84,; € (min; 8;, max; 3;) by definition.

Continuing,
25, (A10gY:) (A10gYi) Bo — 5 X2, Alog YiBy + & 3, Alog Yiag. — 5k X2, g + 4 5y Alog Yettg,e = 5 32, g

o LYY (AlogYi-g)’

g =

Hence as T' — oo, we can apply a suitable Law of Large Numbers to obtain

. Cou (Alagn Aldg Ytﬂg,t) + Cov (Al(;th, gt + ug,t)
Bg — .
1% [A 10g Yt]

where, if G does not alter group assignments over time (i.e. is exogenous to changes in A log Y:), then

Cov (A log Yi, g, + ug,t) =0

i€g

Cov (A 16g Yz, Alog Ytﬁg,t) -V [A 16th} %Zﬂi

so that 1

i€g

as required. O
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